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Abstract. This paper uses the symmetry properties of circles and Bern-
stein polynomials to establish a series of interesting barycentric properties
of rational biquadratic Bézier patches. A robust algorithm is presented,
based on these properties, for the conversion of Dupin cyclide patches
into Bézier form. A set of conversion examples illustrates the use of this
algorithm.

1 Introduction

Rational Biquadratic Bézier Surfaces (RBBSs) are tensor product parametric
surfaces widely used in the first generation of computer graphics applications
and geometric modelling systems. Good introductions to RBBSs may be found
in [1-4].

Dupin cyclide surfaces represent a family of ringed surfaces, i.e., surfaces gen-
erated by a circle of variable radius sweeping through space [5-7]. It is possible
to formulate them either as algebraic or parametric surfaces. In recent decades,
the interest of several authors in these surfaces relates to their potential value
in the development of CAGD tools [8,9]. Also, cyclide intersections and the use
of cyclides as blending surfaces have been investigated [10, 11].

The primary aim of this paper is to prove a series of useful properties of RBBSs,
called barycentric properties, and to show how they can be used to convert cy-
clide patches into RBBSs. Section 2 gives background information concerning
Rational Quadratic Bézier Curves (RQBCs) and RBBSs, introduces the Dupin
cyclides, and discusses an algorithm for conversion of Dupin cyclide patches to
RBBSs. Section 3 shows the use of RQBCs to represent circular arcs. Section 4
states and proves a set of new barycentric properties of RBBSs. Section 5 uses
these properties to define a robust new algorithm for the conversion of Dupin
cyclides into RBBSs, and illustrates some of the conversion results obtained.
Section 6 presents our conclusions and suggests directions for future work.



2 Background

2.1 Rational quadratic Bézier curves and surfaces

A Rational Quadratic Bézier Curve (RQBC) is a second degree parametric curve
defined by:
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where B;(t) are quadratic Bernstein polynomials defined as: By(t) = (1 —t)?,
Bi(t) =2t (1 —t) and Bay(t) = 2, and for i € {0,1,2}, w; are weights associated
with the control points P;. For a standard RQBC w( and wy are equal to 1, while
wy can be used to control the type of conic defined by the curve.

Rational Biquadratic Bézier Surfaces (RBBSs) are defined by a tensor product

of two RQBCs by:
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More details on Bézier curves and surfaces can be found in [12,4].

2.2 Dupin cyclides

Non-degenerate Dupin cyclides can be characterized by either of the following
two equivalent implicit equations:

(a2 + 97 + 22 — 2+ 1%)° = 4 (az — cp)” + 4%y (3)
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Parameters a, b and ¢ are related by ¢ = a? — b2. The parameter a is always
greater than or equal to c¢. Parameters a, ¢ and p determine the type of the
cyclide. When ¢ < p < a it is a ring cyclide, when 0 < p < cit is a horned cyclide,
and when p > a it is a spindle cyclide. The parametric form is represented by
equation (5), where parameters 6 and v satisfy (0 < 0, ¢ < 27):
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These are the most important properties of Dupin cyclide surfaces:



— Simple mathematical representation in either implicit or parametric form.

— Circular lines of curvature. These lines of curvature correspond to isopara-
metric lines of constant 6 or . The angle between the surface normal and
the principal normal on the lines of curvature is also constant.

— Each cyclide has two perpendicular planes of symmetry. The intersections
of a cyclide with its planes of symmetry are two pairs of circles called the
principal circles. These are the lines of curvature of the cyclide for which
Yv=0,Yv=m,60=0o0r60=m.

— In the parametric form, knowledge of the four principal circles allows the
computation of the parameters a, ¢, and pu.

— The curvature line and tangent cone properties given above make it easy to
use Dupin cyclides to create blends between other cyclide surfaces, including
the important special cases of circular cylinders, circular cones, spheres and
toruses.

2.3 Conversion of Dupin cyclides to RBBSs

If a RBBS is parameterized in terms of u and v, its isoparametric curves are con-
ics. Lines of curvature of Dupin cyclides are circles, which are particular cases of
conics. It is thus possible to convert a Dupin cyclide patch into an RBBS. In the
rest of this paper, the Dupin cyclide patch to be converted will be referred to as a
cyclide patch. It is assumed to be delimited by the curvature lines corresponding
to parameter values (g, 01,0, Y1).

A conversion algorithm of the type discussed was proposed in [5]. The control
points and their associated weights were determined from the parametric equa-
tion of the Dupin cyclide (equation (5)) by the following method:

1. The parameter transformations
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where U = tan(6/2), together with corresponding expressions for cos and
sin 1 in terms of V' = tan(v/2), were used to obtain rational quadratic forms
for the three coordinates in terms of U, V.

2. A linear reparametrization was now applied to obtain a representation in
terms of u, v such that u,v € [0,1].

3. The common denominator of the resulting scalar-valued rational biquadrat-
ics in v and v was reformulated in terms of the quadratic Bernstein basis
functions. The resulting coefficients of those basis functions were identified
with the weights w;; in the denominator of equation (2).

4. Finally, with the weights known, the numerators of the three rational bi-
quadratics were similarly reformulated. This gave the coordinates of the
patch control points, expressed in terms of the defining constants of the par-
ticular cyclide, a,c, p, together with the bounding parameter values of the
original cyclide patch.



Fig. 1. Conversion of a Dupin cyclide patch (left) to RBBS (right) using Pratt’s original
algorithm.

Figure 1 shows an example of the conversion of a Dupin cyclide patch into a
RBBS using this algorithm.

A problem with this algorithm is that the function tan is discontinuous, not
being defined for values § + wZ. This has the results that

1. for certain choices of patch boundary the reparametrization functions are
not defined (though these special cases could be identified and appropriate
limiting values used);

2. more importantly, the algorithm gives incorrect results when 7 € 16y, 60;[ or
when 7 € Jt)g, 1]

Fig. 2. Incorrect conversion. Left, the cyclide patch. Middle, the resulting RBBS repre-
senting the complementary patch, not the intended one. Right, the correct correspond-
ing RBBS

Figure 2 illustrates a case of erroneous results from this algorithm. The cyclide
patch (left subfigure) is defined by a = 6, p = 3, ¢ = 2, 6y = T, 6; = 3F,
Py = %’T and ¥ = %”. To obtain the RBBS of the right subfigure, that correctly
represents the cyclide patch of the left subfigure, we used a new variant of this
algorithm obtained by taking the absolute value of the weights as calculated by

Pratt’s original formula, i.e.,
wij = la(1+Gi) (14 Hj) —c(1—Gy) (1 - Hj)| (7)

In this formula, the variables G; and H; are intermediate values computed from
tan of /2, 01/2, 1o/2 and 1 /2 (see [5] for further details).



As we have seen, the boundary parameter values 6y, 61, 1y and 11, together with
the values of a,c and p, can be used to determine control points and weights of
the RBBS. If §p = 0 and 6; = 4?”, the computed control points calculated by the
variant algorithm incorrectly correspond to the patch delimited by 6y = —2&
and 0; = 0. We must therefore require |6y — 61| < 7 and [¢)g — 91| < 7. Taking
this constraint into consideration gives several possibilities for conversion of a
complete Dupin cyclide. Figure 3 left illustrates a Dupin cyclide converted into
9 RBBSs using this new variant of the algorithm. Combined use of both the
original and the variant algorithm allows to decrease the number of RBBSs to
6, which is believed to be the minimal number of RBBSs necessary for the rep-
resentation of a complete Dupin cyclide (Figure 3 right). The new variant of

3

Fig. 3. Conversion of a whole Dupin cyclide into a set of RBBSs

this algorithm makes it possible to convert a whole Dupin cyclide into a set of
RBBSs, but it is still not possible to convert a cyclide patch delimited by a curve
obtained with one of the parameters equal to 7. Moreover, having only positive
weights is not enough to work correctly for certain cases where some control
points need to have negative weights. Figure 4 shows a case where the original

'

Fig. 4. Conversion of a cyclide patch. Left, the cyclide patch. Middle, the RBBS given
by Pratt’s algorithm. Right, the RBBS given by the variant of Pratt’s algorithm.

algorithm works correctly (the middle subfigure) while the new variant fails (the
right subfigure). The cyclide patch is defined by a =6, ¢ =2, up =3, g = — %,

0 = 5, %o = 0 and ¢y = 5. The output of the new variant is completely wrong:
Border curve C is the complement, on the circle, of the border curve C of the



cyclide patch. This is due to the fact that wyq is positive while it should be neg-
ative to model the border curve C. The same problem occurs for wq;. Another

Fig. 5. A conversion example where both Pratt’s algorithm and its variant fail.

conversion example is given in Figure 5. Parameters defining the cyclide patch
area=06,c=2, u=3, 00:2?”, 01:4?“,1/10:%” and@bl:%’r.Theoriginal
algorithm gives exactly the complement of the cyclide patch: the corner points
are those of the cyclide patch while thr delimiting curves are the complements,
on the circle, of the curves defining the cyclide patch. On the other hand, the
RBBS obtained by the new variant of this algorithm (right subfigure) has the
same corner points and border curves as the cyclide patch, but the central con-
trol point Pj; is not correct; the weight wy; should be negative, while the new
variant gives only positive weights.

A less problematic conversion algorithm, based on barycentric properties of
RBBSs and geometric properties of Dupin cyclides is proposed in section 5.

3 Modeling circular arcs using RQBCs

RQBCs can be used to model conics. Three control points and a scalar value
(the weight of the middle control point) are enough to define an arc of a conic. In
this section, we give some results on the expression of circular arcs using RQBC.
Theorem 1 shows how to define a circle from two points and two tangents on
these points. Theorem 2 presents how to compute the middle control point of the
RQBC that represents a given circular arc. Theorem 3 shows how to compute
the weight of the middle control point of the RQBC that represents a given
circular arc. Figure 6 shows the modeling of circular arcs using RQBC. This is
the geometric construction used for Theorems 1, 2 and 3. C(Oyp, R) is a circle of
centre Oy and radius R. Segments [Py P;] and [P2P;] are tangents to the circle
at points Py and P». I; is the midpoint of segment [Py P,]. P is the median plane
of segment [Py P].

Theorem 1. Circle from two points and tangents at these points.

— If the circle (O, R) exists then Py € P and Py ¢ [PyPs]. The radius is
R = OgPy and the centre Oq is given by formula:

POg=toPil;  to= =L
100 = to P11y 0 TP Db (8)



Fig. 6. Modeling circular arcs by RQBC

— In the plane determined by C, the geometric angle ng is less than m, this
means that if we take a parametrization v of the circle in terms of cosine
and sine such as Py =7 (00), Po =7 (01), we have |0y — 61| < 7.

Theorem 2. Computing control point Py, when the centre of the circle is known.
The RQBC is the arc of the circle C passing through Py and Ps. In this case, the
control point Py satisfies:

—_—
5 7 OgPyel P
L P =101 1) = =0=0°21-9 9
. He ' :ﬁool(ﬁooll ()

Theorem 3. Computing the weight w; .
The RQBC defined by control points Py, P and P> and the weight wi is a
circular arc if and only if the following condition hold:

|1+”UJ1|R: |OoIl+w100P1| (10)
The RQBC defines the smaller arc of the circle if:

0011 —R B OOII — OOPO

_ _ 11
R—OuP, ~ OgPy—OoP;, =" (11)

w1

It defines the larger arc of the circle if:

. 0011 + R _ 0011 + O()PO
R + OoPl OoPo + OOPI

<0 (12)

w1 =

Proofs of these three theorems can be easily obtained by combining properties
of RQBC with those of the circle and scalar product.

4 Barycentric properties of RBBSs

Let Sy be a Rational Biquadratic Bézier Surface (RBBS) defined according to
formula (2) by control points (P;;)o<; ;<o and weights (wij)o; ;<o With weo =



W2 = wog = waz = 1. In order to model surfaces with spherical curvatures
by surface Sy, we should have the following constraints on control points: Py
belongs to the median plane of [PyoPoz2], Pio belongs to the median plane of
[PooPao], P21 belongs to the median plane of [PogPaes] and P2 belongs to the
median plane of [Pya Pas].

The position of control point P;; is less obvious than the positions of the others.
The following four theorems prove that P;; belongs to three particular lines. A
set of interesting barycentric properties of RBBSs that helps in the construction
of these lines are given and proved.

Theorem 4. Let Iy, Jy, Io and Jo be respectively the midpoints of the segments
[PooPoz), [PooP2o], [PaoPa2] and [PoaPaz]. We have the following four relations:

1 1 — —
oM <O72) = 1T wor (OI() +w01OP01> (13)
1 1
—— e
OM (1,2) =TT war (012 +w210P21>
—_—
1 1 PR s
OM (270) = 1 T wio (OJO +w100P10) (14)
1 1 — —
OM (271) = 11w (OJ2 +W120P12)

Proof. In order to prove the result (13) for points OM (0, 1) and OM (1, 1), let
us recall that Bo (0) = 1, B1 (O) = BQ (O) = O7 BQ (1) = 1, Bl (1) = BO (1) = O,
B, (%) = %, By (%) = By (%) = i, and if I is the midpoint of a segment [AB],

then for every point O we have OA + OB = 201. By Formula (2), the point
—_
OM (0, %) on the RBBS is:

(01)- >3 BJGW > s, (3) 0
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On the other hand, point OM (1, 1) on the RBBS is:
2 1\ —
Z wijBi (1) Bj 5 OP”
1 i=0 j=0
OM (1, 2) == 2 2 1
DD wiyBi(1) B (2>
1 2
e e

> OPQj

DN | =

w20 =——=— w2, —— W22 ———

= wgo | Wi 4 Wiz (TOP20+ 70P21 + TOPQQ)

1 1 /—— —_— w21 =——=—
= (> (0Py+0OP ) hiigyz
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1 1 —  wo =——
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= Ty \ 2972 5 2 ) = T wn 2 210 FPo1
Result (14) of OM (3,0) and OM (4,1) can be proved in a similar way. O

Theorem 5. Let Gg be the isobarycentre of points Py, Poz, Poo, Pea and Go
the barycentre of weighted points (Pio,w10), (Po1,wo1), (P12, w12), (Pa1,war).
We define the value w = woy + wig + wi2 + wo1 and Gy as the barycentre of the
weighted points (Go,2) and (G2, w).

The point M (%, %) satisfies the two following formulas:

AR 1 Yak
—
oM (2’ 2) = ey (2+w0C +2000P1)  (15)
_— e —
11 24w 11
M(= )Py =2 (2,2 1
w11 <2,2> 11 5 (2,2>G1 (16)

sFrom the last formula we deduce that Py, belongs to the line (M (%, %) Gl).

. . . Y AR .
Proof. Evaluating equation (2) of the RBBSs at the point OM (1, 1) gives:

22 22 1 1\ ——
11 i=0 j=0 vl (2> o <2> o
oM (2’ 2) 2 2 1 1
33wt (3) 5 (3)

i=0 j=0
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First, let us consider the denominator of this fraction:

2 (1 s (1 sz wu 4 Wiz
35w (5)m (3) =3 (3) (5 -5+ )
’UJT

Wlwam memie wmws
4 2 4
Woo+Wo2+wWa0+Wa2 + wWo1+Wi10+Wa1+wWiz w1y
_ 4 2 4+ 2
4 2
_ Woo + Woz + Wz + Wa2 n Wo1 + Wip + Wa1 + W12 | Wi
16 8 4
24w+ 2’11}11
8

Second, the numerator can be similarly expressed as:

2
1 3 Z K2
ZBi (2) (520P; + 5tOP; + =20P;) =

0

w12

—OPFy + OP02 + OP10 + EOpn +

—OP, —|— OP20 + OP21 + OP22

= <OP00 + 7OP02 + *OP20 + OP22> +

(@Opm + 7OP10 + £0P12 + %Opm) + E0P11

= *OGO + OGQ —|— OP11

We may then write:

1 1 1 —
8

o 8 W11 =~~—
- 2+’LU+2’LU11 (4OGO+ OG2 + OP11>
1
2+ w+ 2wy ( OGy + wOGs + 2w110 11)
1 —— ——
=——"((2 OG1 + 2w110OP
2+’LU—|—2’U)11 (( +'UJ) ! + wn 11)

which proves the result (15). This latter is valid for any point O so it is valid for
the point M (2, 2) Hence, substituting O by M (2, 2) in (15) gives:

11 11
2 2 Mz, )M(z,2) =
(24w + 2wi1) (2,2> (2,2)

—)—)

1
(2+UJ)M<2 2)G1+2U}11M< >P11
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Consequently, we have: 0 = 2+w)M(3,3)G1+2wi1 M (%, 1) Piy. Hence:

_ 24+w
wiM (5, 3) P =———5—M(35,3) G

O

Theorem 6. Let G5 be the barycentre of weighted points (Pog,9), (P20,9), (Po2,1),
(P22,1), (Po1,6wor1), (Por1,6ws1), (Pio,18wig), (Pr2,2w12), and Wi = 20 +
6wo1 + 18wip + 2’LU12 + 6woq .

The point M( ) satisfies the two following formulas:

274
11
oM (2 4) = m (WloGB + 12w110P11) (17)
11 -
(W1 + 12w11) GsM <2 4) = 12w, G3 Py (18)

sFrom the last formula we deduce that Py, belongs to the line (G3 (2, Z))

Proof. Before starting the proof of result (17) for point OM (3, 1), recall that
Bo(3) = 1%, B1(3) = 2 and By (1) = {5. By formula (2) we have:

V) sy e () ()

23w (3)n (5) ™

The denominator can be easily reduced to:

2 2 2
1 1 - 1 9wi0 6wi1 w;2
ZZW”BZ (2) B; (4) _ZBZ (2) ( 6 16 16)
i=0 j=0 =0
Ywoo + w20 + wo2 + waz + 6wor + 6way + 18w1p + wiz + 12wy
64
20 + 6U101 + 6’11}21 + ].8'[010 + wi2 + 1211)11

64

Wi+ 12w,
N 64

Using this result and expanding the numerator gives the required proof:

11 64 6
Wo1
oM = —— [~ 0Py+—LOPR OP
(2 4) W + 12w11 (64 0o+ gy Ot +% 02)

18—> 12’(1}11 — w02—> ) n

OPy + OPj1 + —=0Pi2+

9 6w —
674 () + 2 OP,, OP21 4OP22)

W1 + 121011 (

Wi + 12wy; 12w11

W10Gs + 12w, 0P,
W1 + 12’11}11 ( ! 3 + i 11)
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(From these results we deduce:

11 —
(Wl =+ 12’11)11) G3M (2, 4) = 12’LU]_1G3P11
which is the result (18)
O

Theorem 7. Let G4 be the barycentre of weighted points (Poo,9), (Pao, 1), (Po2,9),
(P22,1), (Pro,6wio0), (Pi2,6wiz2), (Po1,18wo1), (Po1,2wa1), and Wy = 20 +
6wig + 18wpy + 2wa1 + 6wqs.

The point M (1 1) satisfies the two following formulas:

12
ﬁ
oM (4’ 2) = W (W20G4 + 12w110P11) (19)

11

(Wa 4+ 12w11) GaM (4, 2) = 12w11 G4 P11 (20)

sFrom the last formula we deduce that Py belongs to the line (G4M (%, %))

Proof. The results (19) and (20) can be proved in the same way as (17) and (18)
or (15) and (16). O

5 A new Dupin cyclide to RBBS conversion algorithm

In this section we propose a new algorithm (Algorithm 1) for converting a Dupin
cyclide patch or a whole Dupin cyclide into RBBS form. The algorithm is based
on the barycentric properties of RBBSs given by the theorems of Sections 3 and
4.

The goal is to develop a conversion method that exploits and keeps circular
symmetries along the isoparametric curves of Dupin cyclides. These latter are
not surfaces of revolution, so, in step six of this algorithm, we have to be sure that
lines (G1I"(02,v2)), (GsI" (02,13)) and (G4I (03,12)) have the same point of
intersection. This is true provided that 6y and 6, (or 1y and 1) are symmetrical
compared to 0 or 7 on the trigonometric circle.

A set of conversion examples is presented in the following sections.

Algorithm 1

Given: A Dupin cyclide defined by a parametric map I', and a patch on this
cyclide delimited by parameter values: 0,01, and 1 with |6y — 61| < © and
[bo — 1| < w. These values also define four (circular) curvature lines on the
Dupin cyclide

Find: The representation of this patch as a RBBS S over [0,1] x [0, 1], defined
by nine control points P;; and nine weights w;;, 0 < 1,7 < 2. Weights w;; will
be equal to one except wig, Wo1, Wo1 , Wiz and wy1, which can be either positive
or negative.

Procedure:
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1. Obtain corner control points directly by: Poo = I' (60, %0), Poa = I' (61, 0),
Pyo = I"(00,91), Paz = I"(01,91).

2. Find centres of the four circles of curvature using a point on each line of
curvature.

3. Find control points Py, Pig, P12 and Py on the median planes of curvature
lines using equation (9) of Theorem 2.

4. Calculate weights wig, w1, wer and wiz using equations (11) or (12) of
Theorem 3.

5. Consider two RQBC ~, and 7, defined on the borders of the region to be
converted. Control points and the weight of v, are Pyy, Pio, Pao and wig-
Those of v, are Py, Po1, Po2 and wo;.-

— Find 0 and 03 solutions of equations v,(3) = I' (62,0) and v,(3) =
I" (03, o).

— Find 19 and 13 solutions of equations %(%) = I'(6p,v2) and %(i) =
I" (0o, 3).

6. Compute the last control point P11 as the intersection of lines (G1I" (02,12))
and (G3I' (02,13)). Constructions of G1 and Gs are given in Theorems 5
and 6.

7. Compute weight w11, using equation (16) of Theorem 7

5.1 Conversion examples

Figure 7 illustrates the conversions of two Dupin cyclide patches into RBBSs
using the proposed algorithm. For the first example (the upper subfigures), we
obtained a standard RBBS having only positive weights. For the second one (the
lower subfigures), in which the cyclide patch is delimited by ¢4 = =, we obtained
a RBBS with positive and negative weights. These are positive along curvature
lines with 6 constant, and negative along curvature lines with v constant.

- —

-

e
' )
» b

Fig. 7. Conversion of two cyclide patches into RBBSs. Upper, the result is a standard
RBBS having only positive weights. Lower, the result is a RBBS with positive and
negative weights
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5.2 Comparison of conversion algorithms

To make a significant comparison of the various algorithms for converting Dupin
cyclides to RBBS form (Pratt’s original algorithm, the new variant of the Pratt’s
algorithm and the barycentric algorithm), we have used the following criteria:

— Entire cyclide: whether it is possible or not to convert a whole Dupin cyclide
into a set of RBBSs.

— Number of RBBSs: The minimum number of RBBSs needed to represent a
whole Dupin cyclide.

— Parameter constraints: what are the constraints on parameters 6y, 61, ¥q
and 17

— Prohibited values: Are there particular prohibited values for parameters 6,
01, Yo and 7

Pratt’s Variant of Barycentric
algorithm|Pratt’s algorithm algorithm
Entire cyclide no yes yes
Number of RBBSs / 9 4
(00,61) or (Yo, 1)
Geometric constraints no { (00 = 0] <m symmetrical
o — 1| <
compared to 0 or 7.
Prohibited value T T no

Table 1. Comparison between Pratt’s algorithm, its variant and the barycentric algo-
rithm.

Table 1 summarizes this comparison. One can note that to convert a whole
Dupin cyclide we need: Only four RBBSs if the new algorithm is used, nine
RBBSs if the Pratt’s algorithm is used, and six RBBSs if the Pratt’s algorithm
and its variant are combined and used. Figure 8 shows this difference in the
number of resulting RBBSs.

Dupin cyclides are very useful for blending quadric surfaces [8,13-15]. To show
conversion of a blending Dupin cyclide we applied the method proposed in [8] to
construct the blending cyclide of the left subfigure of Figure 9 and converted it
to RBBSs by the three conversion algorithms discussed in this paper. We note
here that conversion showed in the middle subfigure can be obtained either by
the new algorithm or by a combination of Pratt’s algorithm and its variant; two
RBBSs are enough to ensure a correct conversion. On the other hand, Pratt’s
algorithm gives conversion showed on the right subfigure. Although in this case,
the minimal number of RBBSs is three, the surfaces obtained here have only
positive weights so they lie completely inside their control polyhedron.

Another case where the new algorithm is better than both of others is shown by
Figure 10. The cyclide patch (left subfigure) is the one of Figure 5 where Pratt’s
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=, e~

Fig. 8. Comparison of conversion algorithms. Upper left, the cyclide to be converted.
Upper right, result of the new algorithm: only four RBBSs are necessary. Lower left,
result of the combination of Pratt’s algorithm and its variant, six RBBSs are necessary.
Lower right, result of the variant of Pratt’s algorithm, nine RBBSs are necessary.

i P

Fig. 9. Conversion of cylinder/plane blending Dupin cyclide. Left, the blending cyclide.
Middle, conversion into two RBBSs. Right, conversion into three RBBSs

algorithm and its variant have given incorrect conversions. The new algorithm
exactly reproduces the original cyclide patch (Figure 10 right).

Another advantage of the new algorithm is the possibility of converting a Dupin
cyclide patch delimited by a curvature line corresponding to a parameter value of
7, which is not feasible either with Pratt’s algorithm or its variant. This is shown
in Figure 11 where the cyclide patch to be converted is a blending surface of a
cylinder and a plane. Horizontally, it is delimited, on the cylinder side by 91 = 5
and on the plane side by 1y = 7. Neither Pratt’s algorithm nor its variant can
be used to achieve this conversion. Two samples of possible conversions, using
the barycentric algorithm, are given on subfigures 11 middle and 11 right.

5.3 A complete case study

As control points of RBBSs resulting from conversion may be far removed from
the patches themselves, it is often difficult to draw the control polygon on figures
that show these RBBSs. So, in this section we give more details concerning the
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Fig. 10. Another conversion result. The new algorithm gives exact conversion (right
subfigure), while other algorithms fail (see Figure 5. )

28 %

Fig. 11. Conversion of cylinder/plane blending Dupin cyclide where neither Pratt’s
algorithm nor its variant can be applied. Left, the blending cyclide. Middle and right,
two examples of possible conversions

conversion of the cyclide patch of Figure 5 left, and the RBBSs given by the
conversion algorithms. Parameters defining the cyclide patch are a = 6, ¢ = 2,
w=3,00= 2?7', 0, = %", Yo = %" and ¥ = 37” Table 2 gives control points and
weights of RBBSs of Figure 5 middle and Figure 10 right. This table shows how
computed control points differ from one algorithm to another. A value of 1 is
an exact value, whereas a value of 48.000 is a rounded of value. The only differ-
ence between Pratt’s algorithm and its variant is the fact that negative weights
become positive. On the other hand, weights computed using our algorithm are
smaller than those given by Pratt’s algorithm; moreover, the new algorithm gives
exact values for corner control points, unlike the other algorithms.

[Points; Weights] Pratt’s algorithm barycentric algorithm
Poo; woo] ~ [(—3.466; 8.206; —2.204); 306.564] [(—3.466; 8.206; —2.204), 1]
Po1; wor] ~ [(—5.995; 12.852; 5.302); —46.641] [(—5.995; 12.852; 5.302); 0.384]
Poa; woa]| ~ [(—1.667;4.899;3.771); 48.000] [(—1.667;4.899;3.771); 1]
Pio;wio] ~ [[(—=35.166; —0.191; —7.807); —75.713]|[(—35.166; —0.422; —7.807); 0.247]
Pri;wy]| o~ [(129.663; 0.682; —42.661); —5.072] [(129.663; 0; —42.661); —0.042]
Pio;wia] [(=9.667; —0.566; 6.600); —24.000] [(=9.667; —0.117; 6.600); 0.500]
Poo; wag] [(—3.466; —8.205; —2.204); 306.564] [(—3.466; —8.205; —2.204); 1]
P wor] ~ [(—5.995; —12.852; 5.302); —46.641] | [(—5.995; —12.852;5.302); 0.384]
Poo; wao] ~ [(—1.667; —4.899; 3.771); 48.000] [(—1.667; —4.899;3.771); 1]

Table 2. Comparison of control points obtained with Pratt’s algorithm and barycentric
algorithm.



6

17

Conclusion

In this paper, we have have used the symmetry properties of circles and Bern-
stein polynomials to prove seven theorems concerning barycentric properties of
RBBSs. These properties have been employed in a new algorithm for the conver-
sion of Dupin cyclides to RBBSs. Several examples of the use of the algorithm
have been given.

In future it is proposed to extend the algorithm for the conversion of supercy-
clides (affine or projective transformations of Dupin cyclides) to RBBSs.
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