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Abstract

Geometric constraint solving is a key issue in CAD, CAM and PLM. The systems of ge-
ometric constraints are today studied and decomposed with graph-based methods, before
their numerical resolution. However, graph-based methods can detect only the simplest
(called structural) dependences between constraints; they can not detect subtle dependences
due to theorems. To overcome these limitations, this paper proposes a new method: the sys-
tem is studied (with linear algebra tools) at a witness configuration, which is intuitively
similar to the unknown one, and easy to compute.
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1 Introduction

Geometric Constraint Solving (GSC) is today a key issue for all geometric mod-
ellers. GCS has applications in CAD, CAM, PLM, computer vision, robotics, molec-
ular chemistry etc. Users in CAD-CAM interactively provide an approximate sketch
using some graphical interface, and specify constraints between geometric entities
(point, line, circle, plane...), then the solver corrects the sketch in order to satisfy
the specified constraints. Typical constraints are incidences, distances, angles, par-
allelisms, orthogonalities, tangencies, etc.
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Solving means find a solution for a (typically algebraic) system of equations F(X) =
0, or more precisely F(U,X) = 0, where U is a vector of parameters such as dis-
tances, angle cosines, and non geometric values (costs, weights). The values of
parameters are known just before solving. They are assumed generic.

Solvers use numerical resolution for big irreducible constraints systems, and for-
mulas for small problems, e.g.,computing the length of the third side of a triangle
knowing one angle and the two other side lengths. Industrial solvers in CAD-CAM
rarely use computer algebra methods (Grobner bases, resultants, Wu-Ritt triangu-
lation methods), because of their exponential complexity.

Before the effective resolution, a preprocessing step of qualitative study is per-
formed to partition the system into well-, under-, and over-constrained parts. If
the system is correct, the under-constrained and over-constrained parts are empty;
the well-constrained part is further decomposed into irreducible well-constrained
parts, which are separately solved and then assembled. These decompositions are
essential to solve big systems of hundreds of equations or unknowns. They are
graph-based and unfortunately they can detect only the simplest dependences (con-
tradiction or redundancy), called structural dependences, in systems of constraints.
Graph-based methods can not detect more subtle dependences, due to geometric
theorems. Actually, these methods are not mathematically sound, and are used far
beyond their scope of validity: a combinatorial characterization of well-constrainedness
is unknown, and seems to be out of reach (Section 10.5).

To overcome these intrinsic limitations of graph-based methods, this paper pro-
poses a strategy that mainly relies on a new method, called the Witness Configura-
tion Method (WCM). The strategy consists in distinguishing a projective part, and
an Euclidean part in the system of constraints, and in solving the projective part:
for CAD-CAM problems, the latter is very under-constrained and trivially solved
in the typical situations. The solution is a Witness Configuration (WC). Triviality
is defined in Section 10.1.

We recall that projective geometry is concerned with incidences: collinearities and
coplanarities, which are invariant through homographies (inversible linear trans-
forms). Euclidean geometry is concerned with distances and angles, which are
invariant through rigid motions and symmetries. Section 8 gives first insights on
projective geometry.

The sketch provided by the user is often itself a good WC. The WC is very similar
to the target (unknown) configuration; for instance collinear and coplanar points in
the target are also in the WC; parallel and orthogonal lines or planes in the target are
also in the WC, at least in a projective sense; the target and the witness configura-
tions differ in their lengths and angles. We study this WC using a classical method
well known in the rigidity theory called the Numerical Probabilistic Method (NPM)
[1–3]. The NPM computes the structure of the Jacobian using only linear algebra;
it is presented in Section 6.

The Witness Configuration Method (WCM) detects a number of dependences which
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are missed by graph-base methods. Moreover, it can also decompose systems into
well-constrained subsystems (Section 6.3). It is also possible to interrogate the WC:
if it has some property, then this property holds generically and a theorem has been
(probabilistically) proved [4–6].

Section 2 discusses previous works on the use of probabilistic computations to dis-
cover geometric relationships and shows common points between the WCM and
some of these earlier works. Section 3 defines problems and configurations. Sec-
tion 4 presents the principle of the WCM, Section 5 shows the limitations of graph-
based methods, Section 6 presents the NPM, its extension, how it can decompose
systems (Section 6.3) and gives its remaining limitations (Section 6.4), overcome
by the WCM. Section 7 explains the two possible definitions of a WC: reduction
to incidence constraints (detailed in Section 8), and considering parameters as un-
knowns (detailed in Section 9). Section 10 explains the resolution of systems of
incidences: the trivial case (Section 10.1), the almost-trivial case (Section 10.2),
the universality of this problem (Section 10.5). Section 11 concludes. Appendix A
presents some geometric theorems for completeness.

2 The probabilistic test

The probabilistic test used in the WCM is far from being new, but as far as we
know, it is the first time it is used to study and decompose systems of geometric
constraints in CAD-CAM. Our work shows that this probabilistic paradigm is not
restricted to the field of computer algebra it originates from, but that it is relevant
for CAD-CAM applications. The probabilistic paradigm has already been used in
CAD-CAM, but up to now it is restricted to stochastic methods such as evolu-
tionary methods for shape optimization, or Monte Carlo techniques for physical
simulations of radiosity, heat transfer, etc. in all these cases the computed functions
are continuous.

The probabilistic test used in the witness configuration method was introduced by
Martin in 1971 [7] and independently by Schwartz in 1980 [8] in the field of com-
puter algebra. This test decides in a probabilistic way the equality or the difference
between two numbers or more generally between two algebraic expressions. It is
still used today in the computer algebra field [9]. This idea is used in geometric
computations, for instance by Benouamer et al. [10,11], and independently by Re-
quicha et al. [6] (Fig. 8 illustrates the probabilistic proof of Pappus theorem), to
settle the robustness issue: the probabilistic test detects singular geometric situ-
ations (e.g.,collinearities of 3 points, coplanarities of 4 points) typically due to
geometric theorems (Pappus, Desargues, Pascal), which can not be detected by the
floating-point arithmetic because of its inaccuracy.

The probabilistic test is used in computer geometry for probabilistically proving
geometric theorems: by Hong [12], by Rege et al. [13,14], by Bouhineau for Cabri
Géomètre [15], by Kortenkamp and Richter-Gebert for Cinderella [5], by Tulone,
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Yap and Li [16] –and likely by others. For the simplest theorems (where computa-
tions in the rationals or finite fields are sufficient), all the probabilistic tests men-
tioned above are equivalent. This idea is also used in the rigidity theory to test the
rigidity of frameworks in polynomial time (since at least 1975 [1,17,3]) and more
generally to compute their free infinitesimal motions. It is this last method, called
the numerical probabilistic method, which directly inspires the witness method: we
compute free motions of a witness.

We admit that Graver et al. [1] work on combinatorial rigidity is the starting point
of the WCM. We just slightly extended the original NPM in two ways: (i) the origi-
nal NPM can compute free motions but can not deal with collinearites/coplanarities;
the WCM can; and (ii) the original NPM is not used to decompose; the WCM is.

Actually, the witness configuration method combines three main ideas (not all so
widespread in the CAD-CAM field): (i) the probabilistic paradigm from computer
algebra; (ii) the study of the free motions of a bar framework from a generic realiza-
tion with linear algebra tools from rigidity theory [1,17] and the theory of mecha-
nisms; and (iii) graph-based decompositions from the field of geometric constraints
solving.

3 Some problems and configurations

3.1 Notations.

u∨ v is the line joining points u and v, U is the vector of parameters, X is the
unknown variable, X∗ is the searched value of X, Uw is the parameter for the WC,
Xw is the value of X for the WC, h is the line or plane at infinity. The line at infinity
is the line that Desargues added to the Euclidean plane: each point on the line at
infinity corresponds to a direction of lines in the Euclidean plane. All parallel lines
of the Euclidean plane meet on the corresponding point on the line at infinity. The
plane at infinity is defined similarly. Homographies are defined in Section 8.

3.2 Problems

This paper will use the following set of problems, or systems of constraints as
examples.

• 3D Molecule: given some inter-atomic distances, find the configuration of a
molecule. These systems of only distance constraints are represented by a graph,
one vertex per atom (i.e., point); each specified distance is represented by an
edge. The distances are assumed to be generic: a slight modification of the spec-
ified distances causes a slight modification of the solution; in other words, the
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Fig. 1. In 3D, the double banana, and three Ortuzar’s configurations (courtesy of Auxkin
Ortuzar, Dassault Systèmes).

solution is a continuous implicit function of the specified distances. Several pa-
pers focus on this problem [3,18–23].

• 2D Molecule:idem the previous one but in 2D.

• Point-line incidence - PLI:in 2D, a set of points and lines is specified with only
a set of incidences. The two degenerate solutions (all points are equal, or dually
all lines are equal) are forbidden.

3.3 Configurations

The theorems corresponding to these configurations are presented in Appendix A.

• 3 angles:a triangle is specified by three angles.

• Double Banana:in 3D, 8 points are specified by distance constraints, represented
by edges in the leftmost part of Fig. 1.

• Ortuzar 1, 2, 3:these 3D configurations are illustrated in Fig. 1; no 4 (or more)
points are constrained to be coplanar; angles between (coplanar or not) lines are
drawn with a curve arrow. In the third configuration, lines (1,5) and (2,3) are
not coplanar, and idem for lines (1,2) and (3,5).

• Icosahedron:a 3D molecule problem with 12 vertices, where the graph is similar
to the regular platonic icosahedron, but the distances on the edges are different.
No convexity constraint at all. There are 30 point-point distances, thus the Bézout
number is 230 ≈ 109. This problem is difficult.

• Dodecahedron:in 3D, a dodecahedron, with the same topology as the regular
platonic dodecahedron, is given by the length of its 30 edges, and by the copla-
narity of its 12 pentagonal faces. No convexity constraint at all. Because of the
coplanarity constraints, it is not a pure 3D molecule problem. The Bézout num-
ber is 230 ≈ 109. This problem is as much difficult as the previous one maybe
even more.

• Desargues 2D hypothesis - D2H:in 2D, the 3 lines (o,a,A), (o,b,B), (o,c,C)
concur in o, or are parallel and o is a direction (i.e.,a point at infinity). Triangles
abc and ABC are said to be perspective. Moreover γ = ab∩AB, α = bc∩BC,
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Fig. 2. The pentagonal star is a regular pentagon, modulo an homography; it has no rational
realization; some cross ratios involve

√
5. This system of point-line incidences is not trivial

to solve.

β = ac∩AC. Some of the points α ,β ,γ, possibly all, can be at infinity. See Fig.
A.1

• D2H1: idem D2H; moreover the angle αβ ,βγ is specified. D2H1 is dependent.

• D2H2: idem D2H; moreover the distance of γ to line αβ is specified. D2H2 is
dependent.

• D2: idem D2H; moreover points α ,β ,γ must be collinear. Actually, by Desar-
gues theorem, each time D2H holds, then α ,β ,γ are collinear. Thus D2 is redun-
dant.

• Desargues 3D hypothesis - D3H:idem D2H but all points lie in 3D.

• D3H1: idem D3H; moreover the angle αβ ,βγ is specified. D3H is dependent.

• D3H2: idem D3H; moreover the distance of γ to line αβ is specified. D3H2 is
dependent.

• D3: idem D3H; moreover α , β , γ must be collinear. Actually, by Desargues
theorem, each time D3H holds, then α ,β ,γ are collinear. D3 is redundant.

• Pappus hypothesis - PH:in 2D, points p1, p2, p3 are collinear, as well as q1,q2,q3.
Moreover i1 = p2q3 ∩ p3q2, i2 = p1q3 ∩ p3q1, i3 = p1q2 ∩ p2q1.

• PH1: idem PH; moreover the angle i1i2, i2i3 is specified. PH1 is dependent.

• PH2: idem PH; moreover the distance i1 to line i2i3 is specified. PH2 is depen-
dent.

• P: idem PH; moreover points i1, i2, i3 must be collinear. Actually, by Pappus
theorem, each time PH holds, then i1, i2, i3 are collinear. P is redundant.

• Pentagonal star:a PLI instance, which has no rational realization (see Fig. 2).
Actually this problem (p = 9 points, l = 9 lines, i = 28 incidences) is well-
constrained modulo homography: in 2D, such systems have i = 2(p+ l)−8 in-
cidence constraints, and contains no over-constrained part. There are two distinct
pentagonal stars (modulo homography).
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Fig. 3. Given 3 aligned points a,b,x, whatever l and c, y is unchanged:
c′ = ((ac∩ l)∨b)∩ ((bc∩ l)∨a); y = ab∩cc′. y is the harmonic conjugate of x relatively
to a,b. No current graph-based method can detect that.

• Harmonic Conjugate - HC:a PLI instance, illustrated in Fig. 3. If x is at infinity
(so that l is parallel to ab), then y is the middle of a and b.

4 Principle of the WCM

Subtle dependences due to geometric theorems are not detected (and probably not
detectable) by graph-based methods. Examples of configurations containing such a
subtle dependence are: D2H1, D2H2, D2, D3H1, D3H2, D3, PH1, PH2, P, HC. All
these configurations contain the hypothesis of a theorem, and its conclusion or the
negation of its conclusion. To bypass the limitations of the graph-based methods,
our new strategy first extends the NPM, which initially applies only to the molecule
problem (in any dimension), to deal with other configurations, and then develop
the WCM as a modification of the extended NPM capable of solving the system of
geometric constraints after decomposing it into a projective part and an Euclidean
part.

The extended NPM detects the dependences in configurations: 3 angles, Ortuzar
1, 2 and 3, and the double banana (the classical NPM already treats correctly the
double banana, since it is a molecule problem). Moreover the extended NPM is also
able to decompose a system into rigid subsystems; the NPM has the same decompo-
sition power with molecule problems, but it seems that nobody realizes or uses that
up to now. However, the extended NPM is still misled by geometric theorems: if the
constraints contain the hypothesis of some geometric theorem, and its conclusion
(or the negation of its conclusion), the extended NPM does not detect the depen-
dence. The WCM is a modification of the extended NPM, which is no more misled
by theorems and detects the resulting dependences (if there are some of course),
for instance in configurations: D2H1, D2H2, D2, D3H1, D3H2, D3, PH1, PH2,
P and others omitted for conciseness. In D2H1, D2H2, D3H1, D3H2, PH1, PH2,
the WCM detects that a metric constraint (distance and angle) is dependent with
the incidence properties of the configuration: these properties are either incidence
constraints explicitly specified, or implied by –known or unknown 2 – geometric
theorems (Desargues in 2D, in 3D, Pappus, etc.). For P (for D2, for D3), the WCM

2 Of course, it is very interesting that this method can detect theorems which are unknown
from computer scientists, users, or even geometers!
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detects that the constraint in P − PH (in D2-D2H, in D3-D3H) is a consequence
of PH (of D2H, of D3H). Of course, the WCM still detects the dependences which
are already detected by the NPM or the extended NPM.

This detection is probabilistic, in the following (good) sense: if a theorem holds, it
is detected, i.e., it can not be missed; it may happen, less than one time over 109,
that the WCM wrongly detects a theorem, i.e.,the system is accidentally dependent
at the studied WC. This case of ”wrong positive” is as likely as guessing the root
of an algebraic equation when proposing a random number. To reassure anxious,
paranoiacs, and unlucky users the test can be repeated with several witness con-
figurations. Moreover, the WCM is also able to decompose a system into its rigid
subparts.

Here is a (non exhaustive) list of theorems which confuse the graph-based meth-
ods, but not the WCM: Pappus, Desargues, Pascal, hexamy, Brianchon, Beltrami
(or Galucci). For conciseness, some 3D theorems or configurations, which are cor-
rectly handled by the WCM, are not detailed in the paper, but they are presented in
Appendix A.

All geometric theorems of projective geometry arguably result from Pappus (or
equivalently Pascal, or hexamy, or Brianchon) theorem: the main axiom of projec-
tive geometry is a restatement of Pappus, and the other axioms are actually defi-
nitions of points and lines [24]. It suggests that the WCM is robust against a lot
of theorems of projective geometry, if not all. Finally, Cayley [24] claimed that
projective geometry is all geometry (Cayley called ”descriptive geometry” what is
today named ”projective geometry”).

The core idea of the WCM is to split the constraints system F(U,X) = 0 in two
parts: projective part, and Euclidean part. Intuitively, the projective part contains all
point-line, line-plane and point-plane incidences of the constraints system. More-
over, it is assumed that a solution to the projective part of the system is known, or
easily computed, as it is the case for all the examples of this paper, except one: the
pentagonal star; this solution is the WC (illustrated in Fig. 4, 5). It has the following
properties: collinear (coplanar) points in X∗, the unknown and searched solution of
F(U,X) = 0, are collinear (coplanar) in the WC Xw. Parallel (orthogonal) lines or
planes in X∗ are parallel (orthogonal) in a projective sensein the WC. Actually,
X∗ and Xw differ only in their lengths and generic angles (right angles occurring in
orthogonality constraints are not generic).

Most of the time, the sketch (which users interactively enter to describe their system
of geometric constraints) is by itself a WC, otherwise a WC Xw has to be computed.

A first method to compute the WC is to consider the parameters U as unknowns
in the system F(U,X) = 0, and solve the resulting system: F(Y,X) = 0. Usually,
for CAD-CAM applications, this system is very under-constrained and can be triv-
ially solved (Section 10.1), even when starting from a difficult and challenging
constraints system.
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Fig. 4. Left: the unknown solution configuration. Middle: a random configuration, used by
the extended NPM. Right: a witness configuration.
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Fig. 5. Left: the unknown solution configuration, with parallel lines. Right: a witness con-
figuration.
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Fig. 6. The solution set (Y,X) of F(Y,X) = 0 can be heterogeneous in dimension. We only
assume that the WC Xw and the target one X∗ have a similar Jacobian structure (here both
have a tangent plane).

Another possible method to compute the WC is to formulate a projective system
and find one solution. Projective constraints are constraints of incidences between
flats (points, lines, planes). Indeed, parallelism and orthogonality constraints reduce
to incidences constraints, as well as middleship (point I is the middle of points A
and B).

There are two cases: either a WC is found, or it is not.

The WC is known. Suppose first that a WC Xw is available, for instance (Vw,Xw)
is solution of F(Y,X) = 0. For simplicity, assume that, as it is typically the case,
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the Jacobian at the target and the witness configurations has a similar structure;
Fig. 6 gives an illustration of this assumption: e.g.,if X ∗ lies on a surface, then so
does Xw otherwise it means that the solution set of the considered system is not a
manifold, i.e.,it is heterogeneous in dimensions, for instance it contains curves and
surfaces like Whitney’s umbrella or Hermitte’s umbrella, and the witness and the
target configurations lie on parts with different dimension.

The existence of a WC first proves that the projective part of the system is con-
sistent. The WC is then used to detect dependences in the complete system, i.e.,
dependences between the constraints in the Euclidean part, as well as dependences
between constraints in the projective and in the Euclidean parts. The idea is to use
a variant of the NPM: the NPM studies the structure of the Jacobian of F(Y,X) = 0
at a random configuration; the WCM studies the structure of the Jacobian at the
WC (Uw,Xw).

Moreover, the WC makes possible the decomposition of the complete system into
rigid subsystems (Section 6.3). It can also be interrogated; for instance, a WC of
the Pappus hypothesis PH (of the Desargues hypothesis D2H in 2D, or of the De-
sargues hypothesis D3H in 3D), will satisfy the Pappus conclusion (the Desargues
conclusion in 2D, in 3D): this is a (probabilistic) proof of the theorem; it is the prin-
ciple of Jurzak’s prover [4]. If the WC has not the conjectured incidence property,
then the conjecture is wrong – with no doubt at all: thus it is useless to repeat the
test with another WC.

If the strategy proves that the system is rigid (well-constrained modulo isometry),
it can happen that the solver fails to find a solution for the values U of the param-
eters. If the solver is complete (e.g.,it uses interval analysis), the existence of the
WC proves that the problem is due to a bad value U of parameters: for instance, U
violates a triangular inequality. In passing, triangular inequalities are not the only
inequalities which must be fulfilled, in order for the geometric system to have a
solution in real space; for instance, using Cayley Menger relations, Philippe Serré
exhibits in his PhD thesis a tetrahedral inequality, i.e.,a realizability condition in-
volving the lengths of the 6 edges of a tetrahedron [25]; actually, expliciting all
inequalities Ci(U) ≥ 0 for any configuration parameterized by a vector U is an
open problem.

No WC is known. This case occurs only with the pentagonal star; the absence
of a WC prevents to detect, e.g., the collinearity of I , DG∩CH and DH ∩CG
(it would be detected in a WC). Actually, in this system, a WC corresponds not
to a continuum of solutions, but only to a finite number (2) of solutions (modulo
homography).

For the moment, the absence of a WC only means that the system is neither trivially
solvable nor almost trivial and dependent (which is already a relevant information),
but it does not mean that the projective part is not solvable: for the moment we
choose to focus our work on the use of the WC, and we postpone the numerical
resolution of non trivial projective systems. The latters seem rare in CAD-CAM:
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Fig. 7. Each term avt and but of the determinant corresponds to a perfect matching in the
bipartite graph. Thus when there is no perfect matching, the determinant is identically zero.
If the nullity of the Jacobian, i.e., the dependence between rows, is due to the numerical
value of coefficients, and not to the structure (0 or not) of the matrix, graph-based methods
do not detect the dependence. The NMP does when the dependence occurs generically: the
WCM does every time.

we find only examples which are not natural for CAD-CAM such as the pentagonal
star. Anyway, all projective systems reduce to algebraic systems; actually they even
reduce to a molecule problem (Section 10.3) – non generic however. Thus classical
methods of GCS should be used to solve and decompose them; the resolution will
provide a WC –or the proof that the complete system has no solution since its pro-
jective part has none. Then the previous WC machinery applies, but with a modifi-
cation, which is worth mentioning: if the projective system is difficult, it is probably
non linear, and the found WC has probably non rational coordinates (as the pen-
tagonal star); it implies that the numerical study of the Jacobian can not use exact
arithmetics in Q or in a finite field (i.e.,a Galois field) which –very conveniently–
eliminates all inaccuracy difficulties. Thus computations must be performed with
floating-point arithmetic (computer algebra being usually not practicable), which
may cause numerical inaccuracy difficulties when computing the rank of a set of
vectors; some SVD method and the ε heuristic must be used to limit inaccuracy.

5 The limitations of graph-based methods

Today, the qualitative study step is graph-based. For simplicity, we summarize the
theory for the case of systems of algebraic equations, i.e., for the case of a well-
constrained system where the number of unknowns equals the number of equa-
tions and no over-constrained subsystem is contained. An over-constrained sub-
system is a subset of equations that constrains a smaller (in cardinality) subset of
unknowns; e.g., in the system f (x,y,z) = g(z) = h(z) = 0, the subset g,h over-
constrains z. Roughly, one of the numerous variants relies on the bipartite graph
equations-unknowns where equations and unknowns are represented by vertices;
an equation-vertex is linked to an unknown-vertex iff the unknown occurs in the
equation. Matching theory provides polynomial time algorithms to decompose the
graph. A matching is a subset of the edges, at most one edge per vertex. A vertex
is covered or saturated by a matching iff one edge in the matching is incident to
this vertex. A matching is maximum iff its number of edges is maximal in the set
of all possible matchings. A matching is perfect iff it covers all vertices. A perfect
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matching is maximum, of course. A system is structurally well-constrained iff the
corresponding graph has a perfect matching. More precisely, the rank of the Jaco-
bian is smaller or equal to the cardinality of the maximum matching; it is equal
to, in the generic case. This easily follows from the fact that the determinant of a
square matrix is a sum of products, and each of these products corresponds to a per-
fect matching in the bipartite graph associated to the linear system. From a perfect
matching, it is possible to decompose the (structurally well-constrained) graph into
its irreducible well-constrained parts.

Considering systems of geometric constraints, instead of systems of algebraic equa-
tions, introduces several difficulties or complications.

A difficulty is that geometric constraints are usually supposed to be independent of
all coordinates system; thus geometric constraints can not determine the location
and orientation of a geometric configuration; this location and orientation are de-
termined by 3 parameters in 2D (a base point, and an angle for orientation), and 6
in 3D (a base point, and 3 Euler angles for orientations). Thus, a well-constrained
(modulo location and orientation, i.e., modulo isometry) geometric system has 3
unknowns more than equations in 2D, 6 unknowns more than equations in 3D, and
d(d+1)/2 unknowns more than equations in d dimensions. For instance in 2D, a
triangle is represented by 6 unknowns ((xi ,yi), i = 1,2,3) and is well-constrained
by 3 constraints. Symptomatically, there is today no commonly accepted definition
for the decomposition of rigid systems into rigid subsystems, and current defini-
tions are often polluted with algorithmic considerations; it contrasts with systems of
equations, where there is a uniquedecomposition of systems into the under-, over-
and well-constrained parts, and a uniquedecomposition of the well-constrained
part into irreducible well-constrained parts.

A complication is that unknown-vertices attached to the same geometric entity
(point, line, plane) are typically merged; a weight (called DoF, Degree of Free-
dom) is attached to each resulting vertex; similarly, equation-vertices representing
the same geometric constraint are merged, and a weight (called DoF or DoR, De-
gree of Restriction) is attached to each resulting constraint-vertex. Finally, the al-
gorithms are often presented using network flows, rather than maximum matching;
however the two parlances are equivalent.

An essential problem is due to the intrinsic limitations of graph-based methods.
Since they consider only a graph, they can detect only the simplest errors, called
structural errors (Fig. 7); they can not detect more subtle dependences (redundan-
cies or contradictions) between equations, i.e.,when an equation is a consequence
of the others (the polynomial lies in the radical of the others) or contradicts the oth-
ers (it is possible to deduce 0=1 from the equations). Such subtle dependences often
occur in geometric constraints. The simplest example is the 3 angles configuration:
a triangle is well constrained by three lengths, but not by three angles (though, in
spherical geometry, i.e.,on the unit sphere, a triangle is indeed well-constrained by
three angles).
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Graph-based methods are mathematically sound only for a very restricted class
of geometric systems: in 2D, when all unknowns are points, and all constraints
are distance constraints between points; moreover the distances must be generic,
which forbids collinear (and cocyclic, ”coconic”, ”cocubic”, etc.) points. Laman’s
theorem states that a system of mdistance constraints between n≥ 2 points is well-
constrained modulo isometry (other words are: isostatic, rigid) iff m= 2n−3 and
there is no over-constrained subsystem, which means that every subset of n′ ≥ 2
points is constrained by at most m′ ≤ 2n′ −3 distance constraints [1].

The same point-point distances problem in 3D is sometimes called the molecule
problem, because of its applications in molecular chemistry: given some distances
between its atoms, determine the configuration of the molecule. This problem also
occurs in the rigidity of 2D or 3D frameworks for buildings, and the rigidity theory
originated from this application.

The natural extension of Laman’s theorem in 3D (replacing 2n− 3 by 3n− 6) is
wrong; the double banana (Fig. 1, leftmost) is the most famous counter example;
it respects the previous counts, but it is not rigid: the two halves can rotate inde-
pendently around their common axis (an under-constrainedness), and there is no
reason for the height of the two halves to be equal (this over-constrainedness can-
cels out the previous under-constrainedness, and permits this configuration to pass
the rigidity test).

Computer scientists are aware of the lack of combinatorial characterization of rigid-
ity in 3D and of the limitations of graph-based methods. Nevertheless, they extend
(abusively) Laman’s theorem, and they apply graph-based methods, to more gen-
eral geometric constraints in 2D (not only point to point distance constraints) where
Laman’s theorem is no more valid, as in the triangle example, and in 3D. Though
this approach sometimes fails, it often works and makes possible the resolution of
constraints systems of industrial size.

Recently, GCS becomes victim of its success: the size of constraints systems is
still increasing, as well as the probability for a non structural dependence between
constraints, i.e., a dependence which is not detected -or even non detectable- by
graph-based methods used during the qualitative study step. This phenomenon is
somehow aggravated by the fact that today not only engineers but also designers
or artists use more and more geometric constraint solvers, e.g.,for designing con-
strained surfaces and blends. It seems also that the risk of subtle dependences is
bigger in 3D, for various reasons: the lack of human intuition in 3D, the greater
difficulty of 3D problems (consistent with the existence of Laman’s theorem in 2D,
and its absence in 3D), the limitations of human-computer graphical interfaces.

To overcome the limitations of combinatorial approaches, a first possibility is to
add some ad hoc tests, in order to detect at least the most frequent and simple
counter examples, such as 3 angles, and perhaps Ortuzar 1, 2, 3. Though useful,
this approach can give no definitive guarantee; moreover it yields to complicated
and non easily reproducible methods.
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Fig. 8. A 2 molecule system, studied with the NPM.

A second research track is to search a mathematically soundcombinatorial char-
acterizations of well-constrained geometric systems, and indeed several combina-
torial characterizations for rigidity have been conjectured. However computer sci-
entists need to consider problems more general than the molecule problem, e.g.,
constraints involving angles, orthogonality, parallelism . . . or even more basically
incidence constraints: point-line incidences in 2D, or point-line-plane incidences
in 3D. These last constraints may seem trivial, but it turns out that every geomet-
ric constraints in any dimension, actually every algebraic systems, reduces (rather
cryptically) to a system of point-line incidence constraints in 2D; in this sense, 2D
point-line incidence constraints are universal: see Section 10.5. Though baffling,
this universality property is just a restatement of an ancient theorem due to von
Staudt (at the times of Hilbert). This universality property suggests that the com-
binatorial characterization of well-constrainedness (modulo homography) for sys-
tems of 2D point-line incidence constraints (and thus, by the universality theorem,
of all kind of geometric constraints) is terribly difficult, to say the least.

6 The Numerical Probabilistic Method

6.1 The principle of the NPM

Equations F(U,X) = 0 are independent if the Jacobian has full rank at the searched
root. Unfortunately, the latter is unknown, but it is still possible to study the Jaco-
bian structure at a generic (random) configuration X0. To speed up, and to avoid
inaccuracy difficulties, it is possible to compute a base of the Jacobian in some
finite field Z/PZ with P≈ 109 for example.

The NPM is very well known in the rigidity theory [26,1,3]. It deals with the
molecule problem: for a given dimension, for a given graph, assuming edges carry
generic lengths, is the graph rigid, or not? For the 2D case, Laman’s theorem gives
a characterization of rigidity, and several polynomial time algorithms were given
[27,28,3]. For the 3D case and beyond, a combinatorial characterization is still un-
known. Anyway, in any dimension, the NPM applies, and it is polynomial time. Its
probabilistic nature is not a tabu for engineers.

We illustrate the principle of the NPM with the 2D molecule problem in Fig. 8.
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Remark this system is generic, i.e., no three points are collinear for instance. The
NPM computes a base of the gradient vectors of distance equations, for random co-
ordinates of the points A, . . .F . It can detect that the gradient vectors for equations:
AB,BC,CD,DA,AC,BD are dependent (for instance the vector for BD lies in the
vectorial space generated by the gradient vectors AB,BC,CD,DA,AC). It also de-
tects that the complete system is not rigid: a rigid system has a kernel with rank 3 in
2D (6 in 3D); actually a possible base for the kernel in the rigid case is a translation
in x, one in y, and an instantaneous rotation around the origin (more details in [2]).
In this example the kernel has rank 4, and this is due to the under-constrainedness
of the part BCEF. The Jacobian is called the rigidity matrix in the rigidity theory.

Computation of a base, and a cobase (the base of the kernel) need only standard
linear algebra. We use only Gauss’ elimination, and not the Gram-Schmit orthogo-
nalization procedure. We perform computations in a finite field to avoid inaccuracy
problems when computing ranks; in finite field, isotropic vectors can occur: they
are non zero vector with a null norm, e.g.,(1,1,1) modulo 3, and thus the Gram-
Schmit procedure does not apply. This is not a problem, since indeed Gauss method
is sufficient.

When the NPM is used on a configuration involving floating point numbers, for in-
stance a WC obtained after solving a non linear system (though rare, it can happen),
exact arithmetic and computations in a finite field can no more be used; instead
some SVD (singular value decomposition) and ε threshold heuristic must be used
to compute the rank of a set of vectors.

6.2 The extended NPM

We extend the NPM to other geometric constraints. We try several translations of
constraints into equations, and several representations (cartesian or barycentric co-
ordinates). Here is one which works. Points are represented by cartesian coordi-
nates. Unknowns may be non geometric (e.g.,densities, weights, forces, torques)
or geometric. Values of geometric unknowns are either dependent on the carte-
sian frame (e.g.,cartesian coordinates of points), or independent (e.g.,distances,
scalar products, signed areas or volumes) [29]. Vectorial equations t1 ×−−→

PiPj + t2 ×−−→
PkPl + . . . =

−→
0 specify collinearities, coplanarities, incidences and intersections.

For instance, to specify I is the middle of AB use equation
−→
AI −−→

IB = 0; to spec-
ify J = AB∩CD, introduce two new scalar unknowns α ,β and use equations−→
AJ = α

−→
ABand

−→
CJ = β

−→
CD.

Scalar equations (i.e., non vectorial equations) are used to specify distances and
angles between vectors. The constraint distance(A,B) = d is translated into the
equation: d2 −−→

AB.
−→
AB = 0. The constraint angle(

−→
AB,

−→
CD) = θ is translated into

equations:
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


−→
AB.

−→
CD− lABlCDkθ = 0

l2
AB−

−→
AB.

−→
AB= 0

l2
CD−−→

CD.
−→
CD = 0

where kθ represents the cosθ; it is either a parameter or an unknown.

Scalar products are translated trivially, e.g., in 2D:
−→
AB.

−→
CD is rewritten: (xA −

xB)(xD−xC)+(yA−yB)(yD−yC). Finally, vectorial equations are straightforwardly
translated into d scalar equations in dimension d. This translation of constraints into
equations is systematic and automatic. The user specifies what are parameters, i.e.,
have known values; all coordinates are unknown. The language used to specify
constraints guarantees that all constraints are indeed independent of the cartesian
frame, e.g.,the user can not specify point coordinates. With this formulation, the
NPM indeed detects the bad constrainedness in all pathologic configurations of
Fig. 1 (the classic NPM already detected the problem with the double banana).
Other representations should be tried: Grassmann Cayley coordinates for instance.

6.3 Decomposition with the NPM

The NPM (and the extended NPM, as well as the WCM) can also detect rigid
subsystems in polynomial time. Actually, our method detects maximal rigid sub-
systems. Maximal is intended for inclusion. Searching maximal rigid subsystems
may seem strange, since usually people are looking for the smallest rigid subsys-
tems – actually the smallest non trivial rigid subsystems, to avoid isolated points
and lonely edges which are not relevant.

Two points P and Q are ”relatively fixed” by a system F(X) = 0 iff the gradient
vectors of the equations resulting from the constraint:

−→
PQ.

−→
PQ− l2

PQ = 0 (either lPQ

is a parameter, or the value of the length in the witness) lie in the vectorial space
spanned by the Jacobian F ′ of the system; in other words if their distance is fixed
by the system. Note that the two points P and Q can be far from each other in
the bipartite graph of constraints, and still be fixed relatively to each other by the
system. As usual, all computations are done at some random configuration (at the
witness configuration, for the WCM).

In 2D, two relatively fixed points are an anchor. In 3D, three non collinear points
and pairwise fixed are an anchor. A system contains at most a polynomial num-
ber of anchors: O(n2) in 2D, and O(n3) in 3D for a system with n points. For a
given system, a given anchor lies in exactly one maximal rigid subsystem; con-
versely, non trivial maximal rigid subsystems contain several anchors. Thus every
system contains at most a polynomial numberof maximal rigid subsystems (one
maximal rigid subsystem per anchor), while it can contain an exponential number
of (non maximal) rigid subsystems. Maximal rigid subsystems guarantee a poly-
nomial complexity in a very straightforward way. Note that two distinct maximal
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rigid subsystems always meet in less than one anchor.

The following greedy method finds in polynomial time the maximal rigid subsys-
tem containing a given anchor for a given system: start with the anchor and add, in
anyorder, all points in the system which are relatively fixed with the points in the
anchor. If the system is rigid, the maximal rigid subsystem containing the anchor is
the system itself.

To find all maximal rigid subsystems in a given system, just compute with the pre-
vious greedy method the maximal rigid subsystem of every anchor of the system.
Again, if the system is rigid, it is the maximal rigid subsystem containing all an-
chors, and it is found several times by the previous method. Thus this method is
not optimal but it is polynomial time. To optimize, only anchors not completely
inside a previously found maximal rigid part need to be computed with the greedy
method.

A

B

2D

B

A

A

B2D 2D

Fig. 9. Decomposition with the NPM. Maximal rigid parts with anchor A,B are represented
with solid lines. Middle and right: removing a constraint creates (in this example) 2 maxi-
mal rigid parts.

To decide if a rigid system Scontains smaller rigid subsystems, and to detect them,
just find for every constraint c in S all maximal rigid subsystems of S− c, with
the previous method. See Fig. 9 for an example. The method is polynomial time,
whether the system is reducible or not; its optimization partly depends on the global
strategy used for the decomposition, for instance whether a detected rigid subsys-
tem is recursively decomposed in an eager way, or all systems S−c are considered,
before the most promising decomposition is selected according to some criteria (for
instance the C-tree criterion by Gao et al. [30]).

These methods for computing all maximal rigid subsystems in a rigid and in a flex-
ible system are polynomial time, and more reliable than pure graph-based methods.
They provide relevant tools to implement and test strategies for decomposing sys-
tems of geometric constraints. These decomposition strategies can be inspired by
current graph-based methods, but also by matroid theory.
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6.4 Remaining limitations

The extended NPM and all graph-based methods of course are still misled by ge-
ometric theorems: if constraints contain the hypothesis and the conclusion (or its
negation) of a theorem, the extended NPM can not detect the dependence between
constraints. Basically, geometric theorems do not reduce the rank of the Jacobian
everywhere, whereas the extended NPM computes the rank only at a generic (ran-
dom) configuration.

To illustrate this facts let us consider a simple example: In 3D, if we specify that
lines AB and CD meets at point I and that A,B,C,D are coplanar, the second con-
straint is redundant. But, the extended NPM does not detect this redundancy. Of
course this is a very trivial theorem. More sophisticated ones are also not detected.

If the extended NPM is used not at a random configuration, but at a WC, it detects
the dependence between equations, i.e., the rank deficiency. Thus a natural idea is
to find a WC.

7 Constraints of the WC

This section presents how to formulate equations to find a WC (when the interac-
tive sketch does not provide one). First, we assume that all parameters in U have
generic values, thus every orthogonality constraint is expressed as the vanishing of
a scalar product

−→
AB.

−→
CD = 0; it is not expressed by the system for the (generic)

angle constraint:




−→
AB.

−→
AB− l2

AB = 0
−→
CD.

−→
CD− l2

CD = 0
−→
AB.

−→
CD−kθ lABlCD = 0

with a value 0 for the parameter kθ ; in other words, kθ = 0 is not generic. Similarly,
kθ = 1 is not generic; thus parallelism constraints can not use the previous system,
which is used for the generic angle constraint only.

The first possibility, the easier to explain, is to consider the parameters (distances,
angles cosine, etc.) as unknowns. The resulting system of equations is likely very
under-constrained because of the addition of unknowns. This operation leaves equa-
tions unchanged, thus parallelisms and orthogonalities are preserved in solutions
(each solution giving a WC). This system is usually completely trivial to solve, even
when starting from a very difficult system, such as the icosahedron (just choose at
random 12 points in 3D, and deduce the distances to get a WC) or the dodecahe-
dron (choose 20 planes at random, deduce the vertices and then the distances to get
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a WC). Section 9 gives some possible tracks to solve this kind of under-constrained
systems, when they are not trivial.

The second possibility is to explicit all projective constraints, e.g., the incidence
constraints induced by parallelisms and orthogonalities. Indeed Section 8 shows
that Euclidean constraints of parallelism, orthogonality and middleship reduce to
incidence constraints between flats: points, lines, planes. A solution to this inci-
dence constraints provides a WC. This system is most of the time under-constrained,
because of the deletion of metric constraints (the pentagonal star is the only counter
example).

8 Reducing to incidence constraints

8.1 A first insight on incidence constraints

Incidence constraints, also called: projective constraints, do not permit to fix angles
nor dimensions. Thus these constraints and the related domain of projective geom-
etry are not well known in the CAD-CAM community. This section intends to give
some insight on incidence constraints and projective geometry.

In 2D, the simplest projective constraints are incidence constraints between points
and lines; they can specify neither lengths nor angles, nor even the order of three
aligned points. In 3D, the simplest projective constraints are incidence constraints
between points, lines, and planes. Points, lines and planes are called flats.

More complex incidence constraints involve conic curves (quadric surfaces) and
algebraic curves (surfaces) with higher degree. Considering only incidence con-
straints between flats (as mainly this paper does) is not a loss of generality: re-
markably, it is possible (and not so difficult) to constrain a point to lie on any alge-
braic curve (surface) using only incidence constraints between flats. For instance,
in 2D, after Pascal theorem, the conic defined by 5 given points (no three of them
collinear) p1, . . . p5 is the locus of the points p6 such that p1 p2∩ p4 p5, p2p3∩ p5 p6,
p3 p4 ∩ p6 p1 are collinear; variants of this theorem permit to define a conic from 5
any geometric elements (point or tangent line) under mild assumption.

Incidence constraints are preserved through homography; assuming points are rep-
resented with homogeneous coordinates (x,y,h) in 2D and (x,y,z,h) in 3D, an ho-
mography is any inversible linear mapping, i.e., a 3× 3 (a 4× 4 in 3D) inversible
matrix acting on these homogeneous coordinates.

A 2D homography is defined by 8 coefficients: the matrix has 9 entries but all
proportional matrices represent the same homography. Projective constraints can
only define a configuration up to homography, i.e., in 2D a well-constrained sys-
tem modulo homography has 8 remaining degrees of freedom (it is well known
that a well-constrained system modulo isometry, also called a rigid or an isostatic
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system, has 3 remaining degrees of freedom). An homography is uniquely defined
by its action on 4 generic (i.e., no 3 aligned) points; in other words, all generic
quadrilateral (4 points, no 3 collinear) are congruent modulo homography, i.e.,any
generic quadrilateral is mapped to a square by some homography.

A 3D homography is defined by 15 coefficients: in 3D a well constrained system
modulo homography has 15 remaining degrees of freedom (a rigid 3D configura-
tion has 6 remaining degrees of freedom).

Homographies obviously preserve incidences, and degrees of algebraic curves (sur-
faces). However, they do not preserve parallelism, orthogonality, distances, angles,
distance ratios; but they preserve cross ratios, which are ratios of distance ratios of
collinear points.

To reduce Euclidean constraints to incidence constraints, a line at infinity in 2D, or
a plane at infinity in 3D, is needed; call it h; from a projective point of view, h is an
arbitrary line or plane.

8.2 Parallelism reduces to incidence

Though homographies do not preserve parallelism, something more subtle is kept.
Consider the 2D case, parallel lines do not meet in the Euclidean plane. Desargues
proposed to complete the Euclidean plane with a special line called line at infinity,
or line of directions, where all parallel lines of the Euclidean plane meet. Each point
on the line at infinity corresponds to one direction of lines in the Euclidean plane.
The Euclidean plane completed this way is the projective plane. An homography
acts in the projective plane; two parallel lines l ‖ m (i.e., two lines which meet
on the line at infinity h) usually stop to be parallel, after an homography: they no
more meet on h; h usually stops being at infinity, after the homography; however the
transformed parallel lines l ′ = H(h) and m′ = H(m) always meet on the transformed
line at infinity h′ = H(h). This kind of property extends in 3D, for parallel lines or
planes: the Euclidean 3D space is completed with a plane at infinity, or plane of
directions, where all parallel lines meet; moreover all parallel planes meet on a line
in the plane at infinity.

Parallelism constraints in the Euclidean plane or space can thus be translated into
incidence constraints only, in the projective plane or space; for instance, in 2D,
the Euclidean constraints: l1 ‖ l ′1 and l2 ‖ l ′2 are translated into projective incidence
constraints: lines h, l1, l ′1 concur, lines h, l2, l ′2 concur; h is the line at infinity of the
Euclidean plane. Fig. 10 shows a more complex example: given a square abcd,
trace the contiguous square a′bcd′; the following construction applies both in the
Euclidean plane (where parallelism is relevant) and in the projective plane: i = ad∩
bc, j = ab∩cd, k = i j ∩ac, d′ = bk∩cd, a′ = id′ ∩ab; i, j,k are points at infinity
in the Euclidean plane. This construction uses no Euclidean notion of parallelism
but only projective point-line incidences.
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Fig. 10. Projective construction of the mirror ”square” a′bcd′ of the ”square” abcd in the
Euclidean plane (top) and in the projective plane (bottom). To rely on intuition, it can be
convenient to interpret the projective plane as the image of an Euclidean horizontal plane
by a perspective. The line i jk is the line at infinity (the horizon) of the Euclidean plane.
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Fig. 11. Pouzergues’s construction.

8.3 Orthogonality reduces to incidence

As with parallelism, homographies do not preserve orthogonality, e.g.,in 2D, the
three altitudes of a triangle concur in a point called orthocentre (the extension to
3D is wrong: the 4 altitudes of a tetrahedron do not concur, generically). After an
homography, the orthogonality between the three sides of the triangle and their
altitudes is lost, but the concurence is preserved. This property permits to define a
”projective orthogonality”, i.e.,an orthogonality relationship which is preserved by
homographies. This projective orthogonality is first defined in Euclidean words for
clarity, then translated in the projective parlance (Fig. 11).

Assume two pairs of orthogonal directions u⊥ u′ and v⊥ v′ are known (Fig. 11);
then the line passing through a given point c and orthogonal to a given line l can
be constructed as follows: draw a triangle abc, where a is the intersection point
between l and the line parallel to u through c; b is the intersection point between l
and the line parallel to v through c; thus ab= l . The altitude through b is parallel to
u′; the altitude through a is parallel to v′; these two altitudes meet at the orthocentre
o of abc; the third altitude through c is co; thus co is the searched line, through c
and orthogonal to l .

This construction can be translated in the projective parlance. u,u′,v,v′ are now 4
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directive points aligned on h, the line at infinity (or vanishing line). In this new par-
lance, two lines are parallel iff they meet on the line h = (u,u′,v,v′). The construc-
tion from c and l of the line ”orthogonal” to l through c straightforwardly follows:
a= cu∩ l , b= cv∩ l , o= av′ ∩bu′; co is ”orthogonal” to l and goes through c. This
projective definition of orthogonality suggests a projective definition of a ”cercle”
with given diameter ab as the set of points p such that ap is ”orthogonal” to pb
(Fig. 12). Thus, introducing 4 collinear directive points u⊥ u′,v⊥ v′ on the line at
infinity, all orthogonality constraints in the Euclidean plane can be translated into
projective point-line incidence constraints only.

These ideas extend in 3D for orthogonal lines or planes: [31] defined a projective
theory of orthogonality in 3D and solved 3D orthogonality constraints in a drawing
(i.e., in an image of a 3D scene) without using a 3D model of the scene. For com-
pleteness, we summarize the main facts of this theory: if u,v,w are the points at in-
finity of three 3D lines non pairwise orthogonal, and u′,v′,w′ are the line at infinity
of corresponding planes orthogonal to u,v,w, then the lines (u,v′ ∩w′), (v,u′ ∩w′),
(w,u′ ∩v′) concur: the two triangles are perspective. If u,v,w are pairwise orthog-
onal, then w′ = (uv),v′ = (uw),u′ = (vw), i.e., the triangle uvw is auto-polar. Ac-
tually, in the plane at infinity, points at infinity and lines at infinity of orthogonal
lines and planes are poles and polars.

Given u,v,w,u′,v′,w′ in the plane at infinity, all orthogonality constraints reduce to
projective point-line incidence constraints in the plane at infinity, and the geometric
constructions use only the ruler, i.e., they are solvable with linear algebra: let l ′ be
the line at infinity of some plane π, and the problem is to build l , the point at infinity
of the lines orthogonal to π. Then triangles (u,v, l) and (v′ ∩ l ′,u′ ∩ l ′,u′ ∩ v′) are
perspective, thus l ∈ (u′∩v′)∨ω with ω = ((l ′∩v′)∨u)∩((l ′ ∩u′)∨v) is the ”center
of the perspective” (again, a∨ b is the line ab); similarly triangles (u,w, l) and
(w′ ∩ l ′,u′ ∩ l ′,u′ ∩w′) are perspective, which gives another line passing through l ;
thus l is known; a third and useless line through l is obtained, considering triangles
(w,v, l) and (v′ ∩ l ′,w′ ∩ l ′,w′ ∩v′) are perspective. A dual construction gives l ′ from
l .

To summarize, Euclidean constraints of parallelism and orthogonality reduce to
projective incidence constraints; it is not so obvious a priori. Moreover, the basic
problems (e.g.,find the line in 2D (plane in 3D) orthogonal to a given line) are
linearly solvable, i.e.,geometrically speaking they only need the ruler.

Fig. 12. Projective cercles. Small black disks are two directive points in involution. Idem
for small white disks. The order of directed points along the vanishing line determines the
kind of the conic.
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8.4 Middleship reduces to incidence

The Euclidean constraint y is the middle of ab reduces to incidence constraints: x=
ab∩h is the point at infinity of ab, and y is the harmonic conjugate of x relatively
to a,b (Fig. 3).

9 Solving under-constrained systems

Finding one solution to an under-constrained system F(Y,X) = 0 (where unknowns
Y replace known parameters U ) provides a WC. Typically under-constrained sys-
tems have a continuum of solutions (though there are exceptions: e.g.,(x+y+z)2 +
1 = 0 has no solution in R, but it has a continuum in C; x+y+z= x+y+z+1 = 0
has no solution at all). Any point lying on this continuum gives a WC. In our con-
text (searching a WC), the system is typically trivial to solve (i.e., the icosahe-
dron or dodecahedron problems); note however that it is possible to build under-
constrained problems which are arbitrarily difficult: just take an arbitrarily difficult
well-constrained problem and replace one of its unknowns by the sum of 2 new
auxiliary unknowns (of course this problem is artificial). We do not use this ap-
proach (solving an under-constrained system) to get a WC; we suggest three possi-
ble tracks.

First track: several methods were recently proposed to deal with under-constrained
systems [32–35,30,36].

Second track: a well known subdivision method, relying on interval computations
[37–40], displays 2D algebraic curves f (x,y) = 0 and 3D algebraic surfaces s(x,y,z) =
0, 3D algebraic curves: s(x,y,z) = t(x,y,z) = 0. Actually this subdivision method
covers with small boxes the solution set of under-constrained systems; of course
it can be stopped as soon as it finds a first point, which gives a WC. To limit a
combinatorial explosion in high dimension space, several strategies have been pro-
posed to halve the current box (an interval vector) according to the more relevant
unknown [40].

Third track: find which key unknowns to fix in order to minimize the algebraic de-
gree of the system. Label each edge of the bipartite graph equation-unknown with
the log2 of the corresponding degree, and compute a maximum matching with min-
imal cost. The unknown-vertices which are uncovered give the key unknowns, i.e.,
the unknowns to fix. If the maximum matching has cost 0, the system is linear,
and the problem is very similar to trivial systems of incidences. For instance, with
e: x2−y= 1, the graph is (e,x) with cost 1, (e,y) with cost 0, and the best matching
is the edge (e,y) with total cost 0: x is the unknown to fix and the system is linear.
Once key unknowns are found, the system is structurally well-constrained, and de-
composed into irreducible well-constrained subsystems, and solved with some nu-
merical or interval method (as in the first track). A possible flaw is that, if the key
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unknowns are fixed at random, possibly with bad values, the system may have no
solution. One can also imagine to subdivide the space of key unknowns, in the spirit
of the previous track, and in the wake of the locus method by Gao, Hoffmann and
Yang [41]. Another potential weakness is that this track assumes that constraints
are independent and relies on graph-based methods to compute a WC: it is iron-
ical since the WCM is just designed to overcome the limitations of graph-based
methods.

10 Solving systems of incidences

Solving systems of incidence constraints, more precisely finding one solution, is a
possible way to obtain a WC. Most of the time, the sketch (which the user inter-
actively provides to specify the system of constraints) is a solution. This section
describes trivial systems of incidences, almost trivial systems, how these systems
reduce to algebraic systems and more specifically to a molecule problem, and fi-
nally shows their universal feature.

10.1 Trivial systems

This section defines trivial systems of point-line incidences in 2D. A point is re-
movable iff it is constrained to lie on 2 lines or less: indeed, it can be removed from
the set of constraints, the remaining constraints are solved, then the removed point
is added (where the 2 lines meet). Dually for a line. Removing a point or a line may
make removable another point or line. If all points and lines can be removed, the
system is trivial. All configurations in Section 3 are trivial, except D, P and the pen-
tagonal star; they are almost trivial (see Section 10.2). This may be easily extended
to 3D.

The icosaedron problem is difficult but it is an instance of the 3D molecule problem,
so finding a WC is trivial: the previous method fixes 12 vertices at random in 3D
and deduces the distances (as in Section 9, third track). The dodecahedron problem
is as or more difficult, and it is not a molecule problem. However, finding a WC is
also trivial: the previous method reduces to choose 12 planes at random in 3D, and
then computes the 20 intersection points and finally compute the distances (as in
Section 9, third track).

10.2 Almost trivial systems

A system is almost trivial if removing an incidence constraint makes it trivial. The
P (for Pappus), D (for Desargues) and the pentagonal star configurations are almost
trivial. One may remark that for P and D, removing any one of the incidences makes
them trivial.
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The strategy is obvious: if S is almost trivial, remove an incidence I ∈ S to get a
trivial system S− I ; find a WC xw for S− I ; if xw satisfies the removed incidence
I , then I is (very probably) a consequence of S− I : it is the case for the Pappus
and Desargues theorems (again, to gain more confidence in the probabilistic proof,
the test can be repeated with another WC of S− I ). In this case, we have proved
a redundancy, and found a WC otherwise I is not a consequence of S− I , but a
constraint independent of S− I (and repeating the test with another WC of S− I
is absurd and useless); this case occurs with the pentagonal star; the WCM proves
that the constraints of the star are independent, and indeed they are. Unfortunately,
no WC is found in this case for the moment (since we do not even try to solve the
system). The presence of a WC would make possible to detect, say, the collinearity
of I , DG∩CH and DH ∩CG.

Two remarks conclude this section: We admit that the pentagonal star seems un-
likely and not natural for CAD-CAM. More natural examples in this contexte may
be given. The notion of almost trivial seems generalizable. A system S is k almost
trivial iff removing k incidences gives a trivial system S′; compute a WC of S′, and
check if each of the k removed constraints are satisfied or not. If they are all satis-
fied, then we have proved k theorems and found a WC! However, there is a flaw in
this approach: if a removed incidence I is a consequence of H, with S′ ⊂ H ⊆ S− I ,
the WCM will not detect it.

10.3 Point-line incidences is a 3D molecule problem

2D point-line incidence problems obviously reduce to algebraic systems. Represent
each point Pi with homogenized coordinates (xi ,yi ,zi). Represent each line Lj with
a vector (aj ,bj ,cj). Represent each incidence Pi ∈ Lj by an equation: Pi.Lj = ajxi +
bjyi +cjzi = 0. Possibly, normalize vectors of points: Pi.Pi = 1⇒ x2

i +y2
i +z2

i −1 =
0; idem for lines. Each solution to the algebraic system gives a (possibly degenerate:
all points are equal, all lines are equal) solution to the PLI system.

To reduce the PLI problem: Pi ∈ Lj to the 3D molecule problem, we can suppose
that vectors Pi and Lj have norm 1, so Pi and Lj are points on the unit sphere;
each incidence Pi ∈ Lj gives a distance (

√
2) between Pi and Lj . Add the center

of the unit sphere to the set of points of the molecule problem, and distances (all
equal to 1) between this center and every point Pi and Lj . Every solution to the
molecule problem gives a solution (possibly degenerate) to the PLI problem. It is
possible to avoid degenerate solutions by imposing a distance between one Pi and a
non incident L j , or imposing 4 points (no 3 collinear) to lie on some square on the
sphere.

The molecule problem is the variant EDM3 of the Euclidean Distance Matrix com-
pletion (EDM) [20]. The EDM problem is to determine whether a partially filled
square symmetric matrix A can be completed to a distance matrix, i.e., whether
there are points Pi in Rk for some k such that Ai j =

−−→
PiPj .

−−→
PiPj . Specifying a value for
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k gives the EDMk problem. The EDM and EDMk problems are closely connected
to the Positive (semi) Definite Matrix Completion problem (PMC) which consists
in determining whether a partially filled square matrix A can be completed to a pos-
itive (semi) definite matrix, i.e.,a Gram matrix . EDM1 is NP-complete, and EDMk

is NP-hard for k≥ 2 [20].

10.4 Solving point-plane incidence problems

In 3D, for problems involving incidences between points, lines and planes, it suf-
fices to consider points and planes: indeed, to express points are collinear, it suffices
to say they lie on two auxiliary planes. Then point-plane incidences straightfor-
wardly reduce to a 4D molecule problem.

After the universality theorem, systems of point-plane incidences reduce (though
cryptically) to systems of point-line incidences.

10.5 Universality of the PLI problem

Though the incidence systems considered in this paper are all trivial or almost triv-
ial, these systems can be arbitrarily difficult. Actually all algebraic systems (e.g.,
geometric systems in 2D or 3D) can be reduced to (or rather encrypted into) a PLI
problem with a size of the same magnitude.

Theorem 1 (Universality theorem) All algebraic systems of equations with coef-
ficients inZ or Q and unknowns in a field K (R, C, Z/pZ) reduce to a system of
point-line incidence constraints in the projective plane onK.

The universality theorem is striking, but its proof is trivial, and needs ingredients
known since more than one century. As far as we know, it has not been published
so far.

Proof: Numbers are represented by points along a particular line, where three
distinct points are arbitrarily chosen, and called 0,1 and ∞. A geometric construc-
tion in Fig. 13 gives the point representing a+b, from the points representing a and
b. The construction is first illustrated in the affine plane, using parallelism, then in
the projective plane. The proof of the correctness of this construction, e.g.,that the
resulting point a+ b is independent of the used auxiliary points or lines, that the
point a+b equals the point b+a, that the addition so defined is indeed associative,
etc. uses the Desargues property [42].

Similarly, another construction in Fig. 14 gives the point representing a×b, from
the points representing a and b. The construction is first illustrated in the affine
plane, using parallelism, then in the projective plane. The proof of the correctness
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a+b

Infini

Fig. 13. the operation a+b. Affine and projective variants.

infinity

1

0

ab

b
a

a b ab10

Fig. 14. The operation a×b. Affine and projective variants.

of this construction uses the Desargues property again; the proof that the defined
multiplication is commutative uses the Pappus property [42].

The geometric construction for one addition, and for one multiplication, uses a con-
stant number of points, lines, and incidences. The point representing every integer
coefficient occurring in the algebraic system is needed. Using iterated squaring, an
integer n can be constructed with O(log2 |n|) incidences from the points 0,1 and
∞. Thus the geometric representation of an integer has the same size as the usual
binary one.

Every unknown of the algebraic system is also represented by a point on the line
0,1,∞. Iterated squaring is also used to construct the point xk for given k ∈ N. The
point representing a monomial xd1

1 xd2
2 . . . is deduced by geometric multiplication

of the points representing xd1
1 , xd2

2 , etc. The point representing a polynomial is the
geometric sum of the points representing its monomials. Each equation Ei = 0 is
represented in the PLI system by merging the point representing Ei and the point 0,
i.e.,by replacing every reference to the point Ei by a reference to the point 0 in all
point-line incidences. Fig. 15 shows a solution of the PLI system of the equation
x2 −2 = 0.

The size of the resulting PLI system (the number of incidences) is proportional to
the bit size of the algebraic system. Remark that all numbers (coefficients, degrees)
occurring in the algebraic system are represented by points, lines and incidences
only, i.e., by a pure bipartite graph, with size proportional to the bit size of the
algebraic system. No edge weight is needed, contrarily to graphs of the molecule
problem in the rigidity theory (so, the genericity assumption is neither needed nor
possible). ✷

Consequences of the universality theorem: solving algebraic systems is NP-hard,
thus PLI as well; the combinatorial (e.g., graph-theoretical) characterization of
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1 20 1 x1 x*x=200 1 x x*x

x
1

0

2

Fig. 15. Above: affine representation of the equation x2 − 2 = 0; left: construction of the
point x2; middle: construction of the point 2; right: superposition of the two constructions.
Below: projective representation of the equation x2 −2 = 0.

A BO

D

O A=B

D

Fig. 16. This system, due to C. Jermann, is built in order to have two kinds of solutions –
thus two kinds of witness configurations.

well-constrained PLI systems, of PLI systems realizable in R, of PLI systems real-
izable in C seem difficult.

11 Conclusion

This paper proposed a new strategy for studying and decomposing systems of ge-
ometric constraints. A witness configuration is computed (very easily most of the
time), and then studied and decomposed with classical linear algebra tools. This
paper has shown that probabilistic proofs, which are used in computer algebra, are
also practicable and relevant for GCS in CAD-CAM-PLM. We conclude with fu-
ture works:

• There are basically two ways to obtain a witness configuration: i) consider pa-
rameters as unknowns and then solve the resulting under-constrained system;
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Fig. A.1. Left to right: Desargues, Pappus, Pappus’ dual.

and ii) explicit all projective constraints. This second option is discussed in sec-
tion 8, while the first option (solving under-constrained systems) is not yet tried
and will be subject to further investigations.

• We do not use classical resolution methods used in GCS to find a witness config-
uration when the system of incidences is not trivial. It would result in interleav-
ing the qualitative study and the numeric resolution, which are today performed
sequentially. It would significantly increase the power of solvers.

• We do not treat (nor detect) configurations such as Jermann’s one (Fig. 16), with
several, qualitatively distinct, solutions – and thus with several witness configu-
rations.

A Some theorems

W.A. Martin [7] and J.T. Schwartz [8] introduced probabilistic proofs (to prove al-
gebraic identities). A counter example is sufficient to prove a conjecture is wrong;
conversely, the principle of probabilistic proofs is that a generic example is suf-
ficient to prove a conjecture: if a generic example, satisfying the hypothesis of a
conjecture, and randomly chosen in an infinite set, satisfies also the conclusion of
the conjecture, then the conjecture is true with probability 1, i.e.,with a null prob-
ability of error. In practice, the example is chosen in a finite set (the representation
of examples has finite size) with size Ω, so the probability of error is no more 0
but ε ≈ 1/Ω. Note that the genericity assumption is also needed for counter exam-
ples: indeed some geometric theorems do not hold for degenerate situations (e.g.,a
degenerate triangle). Probabilistic proofs can be made deterministic (no more prob-
abilistic), but it has an exponential cost. Using this principle, the WCM detects all
the following theorems (for the 3 quadrics theorem, the WC was built by hand, so
that the intersection points have rational coordinates).

Theorem 2 (Desargues theorem) If two triangles abc and ABC are perspective
(i.e., aA,bB,cC concur), then homologous sides cut in 3 aligned points, i.e., ab∩
AB,bc∩BC,ca∩CA are collinear. The converse is true as well.

Theorem 3 (Pappus theorem) If p1, p2, p3 are three distinct aligned points of P,
and if q1,q2,q3 are three distinct aligned points, then the three intersection points
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p1q2 ∩ p2q1, p1q3 ∩ p3q1 and p2q3 ∩ p3q2 are aligned as well.

Theorem 4 (Harmonic conjugate) Let a,b,x be 3 distinct aligned points. Let l be
any line through x, c any point outside l and abx. Then the point y defined by the
construction: p1 = ca∩ l, p2 = cb∩ l, p3 = p1b∩ap2, y= cp3∩ab, depends neither
on l nor on c. See Fig. 3.

The point y is called the harmonic conjugate of x relatively to a,b. The harmonic
conjugate of y is x.

Theorem 5 (Pascal theorem) If p1, p2, p3,q1,q2,q3 lie on a common conic in P,
then the three intersection points p1q2 ∩ p2q1, p1q3 ∩ p3q1 and p2q3 ∩ p3q2 are
aligned.

Coming from the Pascal theorem, we have:

Theorem 6 (Pouzergues hexamy theorem) In P, a hexamy is a hexagon (possibly
concave and self intersecting) such that its three opposite sides cut in three aligned
points. Then every permutation of a hexamy is a hexamy too.

The duality principle, due to Poncelet, Plucker and Gergonne, exchanges the role
of points and lines, and permits to find and prove dual theorems. e.g.,by applying
duality to Pappus’s theorem, one can find:

Theorem 7 (Pappus dual) If p1, p2, p3 are three distinct concurrent lines, and
q1,q2,q3 are three other concurrent lines, then(p1∩q2, p2∩q1), (p2∩q3, p3∩q2),
(p3 ∩q1, p1 ∩q3) are concurrent lines as well.

or, in other words, if two triangles are perspective in two ways, then they are per-
spective in three ways. The dual of Desargues theorem is its converse. The dual
of Pascal theorem is Brianchon theorem. Applying duality to the hexamy theorem,
one finds that:

Theorem 8 (Hexamy dual) A symhex is an hexagon such that the three lines through
the three pairs of opposite vertices are concurrent. Then every permutation of a
symhex is a symhex.

Theorem 9 (Chasles) In the projective plane, if Q1 and Q2 are two cubic curves
without a common component, which cut in 9 distinct points, then all cubic passing
through 8 of these points also passes through the 9th point.

Actually Pappus theorem is a consequence of Chasles’ theorem.

Proof: let Q1 be the cubic curve composed of the 3 lines p1q2, p2q3, p3q1. Let Q2

be the cubic curve composed of the 3 lines p2q1, p3q2, p1q3. Let C be the conic
composed of the 2 lines p1 p2 p3 and q1q2q3. Let K be the cubic C∪ i3i1 where
i3 = p1q2 ∩ p2q1, i1 = p2q3 ∩ p3q2. We note i2 = p3q1 ∩ p1q3. The 2 cubic curves
Q1 and Q2 cut in the 9 points pk, qk, ik, k ∈ 1,2,3. The cubic K passes through
all these points too, except i2. By Chasles theorem, since it passes by 8 of the 9
points, it also passes by the 9th point i 2. Thus K = p1 p2 p3 ∪q1q2q3 ∪ i3i1 passes
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through i2. But i2 does not lie on p1 p2 p3 ∪q1q2q3, thus it lies on i3i1, and i1, i2, i3
are aligned. ✷

Proof of Pascal theorem: This proof is similar to the previous one, we only
need to replace the conic C by the conic passing through the 6 points pk,qk,k ∈
1,2,3. ✷

Chasles’ theorem will be proved below, with a combinatorial argument which can
be extended to the 3D case, for instance to prove the following theorems:

Theorem 10 (Three quadrics) In 3D projective space, let Q1,Q2,Q3 be three quadrics,
which cuts in 8 distinct points. Then all quadrics passing through 7 of these 8 points
also goes through the 8th point.

Theorem 11 (Beltrami or Galucci) 16 points theorem: In 3D projective space, be
given 3 black lines, non pairwise coplanar, and 3 white lines, non pairwise copla-
nar, such that each black line cuts all white lines; black and white lines cut in 9
points. Then every line cutting the 3 black lines cut every line cutting the 3 white
lines.

Theorem 12 (Cox) Let p1, . . . pn be n= 4 coplanar points. Let Pi j be n(n−1)/2 =
6 planes, where pi ∈ Pi j , pj ∈ Pi j , with i = 1, . . .n. Define n points si jk = Pi j ∩Pik ∩
Pjk. Then these n points si jk are coplanar too. Actually, the theorem holds for any
integer n≥ 4. The dual theorem also holds.

Theorem 13 (Mobius’s tetrahedrons) In 3D projective space, let abcd and ABCD
be two tetrahedrons such that a∈ BCD, b∈ ACD, c∈ ABD, d∈ ABC, and A∈ bcd,
B∈ acd, C∈ abd. Then D∈ abc. In other words, each vertex of one tetrahedron lies
on a face of the other, and vice versa (abcd and ABCD are Mobius’s tetrahedrons).
It gives 8 incidences; any 7 of the 8 incidences force the 8th one.

These theorems all share the same combinatorial flavor. Actually, their proof will
use the same combinatorial argument as this seemingly trivial theorem:

Theorem 14 In 3D space, if 3 distinct points lie on 2 distinct planes, then every
plane (or line) passing through two of these points also passes through the third.

Proof of Chasles theorem: points in the projective plane are represented by 3-
vectors v = (x,y,z). A cubic lifting maps the 3-vector v = (x,y,z) to the 10-vector

φ3(x,y,z) = (x3,y3,z3,xyz,x2y,x2z,y2z,xy2,xz2,yz2)

Let Q be a cubic curve; then φ3(Q) is an hyperplane in a 10 dimensional vectorial
space, thus φ3(Q) has vectorial rank 9 (thus 9 points are needed to define a cubic
curve). By hypothesis, Q1 and Q2 are 2 cubic curves in the projective plane; they
have no common component, and they intersect in 9 distinct points; Bézout theorem
bounds the number of roots of polynomial systems. Q1 has vectorial rank 9. Idem
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for Q2. The intersection of 2 hyperplanes with rank 9 has rank 8. Thus the 9 vectors
of the intersection points are not linearly independent. Every vectorial space, such
as an hyperplane, through 8 of them also contains the remaining 9th. In other words,
every cubic curve through 8 of the 9 intersection points goes through the remaining
9th. ✷

Consequence:a cubic is defined by 9 points, under mild assumptions (the indepen-
dence of the 9 points). If these 9 points come from the intersection of two cubics,
they are not independent.

Proof of the 3 quadrics theorem:
the quadratic lifting maps the 4-vector v = (x,y,z,w), representing a point in 3D
space, to the 10-vector φ2(v) = (x2,y2,z2,w2,xy,xz,xw,yz,yw,zw). Let C be a quadric
surface in the projective space (a 4 dimensional vectorial space). Then φ2(C) is an
hyperplane in a 10 dimensional vectorial space, thus φ2(C) has vectorial rank 9;
thus 9 points are needed to define a quadric surface. If the 9 points are in generic
position, there is only one quadric. Let Q1,Q2,Q3 be 3 quadric surfaces in projec-
tive space, which intersects in 8 distinct points (Bézout’s theorem bounds the num-
ber of intersection points). φ2(Q1) is an hyperplane in a 10 dimensional vectorial
space, thus φ2(Q1) has rank 9. Idem for φ2(Q2) and φ2(Q3). φ2(Q1)∩φ2(Q2) has
rank 8, φ2(Q1)∩φ2(Q2)∩φ2(Q3) has rank 7. Thus the 8 lifted vectors representing
the 8 intersection points are not independent. Every vectorial space (such as an hy-
perplane) through 7 of them also contains the remaining 8th. In other words, every
quadric surface through 7 of the 8 intersection points goes through the remaining
8th. ✷

This proof is similar to the proof of Chasles theorem. The proof of the other theo-
rems: Beltrami, Cox, Mobius ([43], pages 138-140) use similar combinatorial argu-
ments. Automatizing this kind of proofs seems interesting but it is an open question.
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