
Measurement of the three-dimensional mirror parameters by

polarization imaging applied to catadioptric camera

calibrationOlivier Morel, Ralph Seulin, David Fo� ∗ABSTRACTA new e�ient method of alibration for atadioptri sensors is presented in this paper. It is based on anaurate measurement of the three-dimensional parameters of the mirror by means of polarization imaging.While inserting a rotating polarizer between the amera and the mirror, the system is automatially alibratedwithout any alibration patterns. Moreover it permits to relax most of the onstraints related to the alibrationof the atadioptri systems. We show that ontrary to our system, the traditional methods of alibration arevery sensitive to misalignment of the amera axis and the symmetry axis of the mirror. From the measurementof three-dimensional parameters, we apply the generi alibration onept to alibrate the atadioptri sensor.The in�uene of the disturbed measurement of the parameters on the reonstrution of a syntheti sene isalso presented. Finally, experiments prove the validity of the method with some preliminary results on three-dimensional reonstrution. 1. INTRODUCTIONConventional perspetive ameras have limited �elds of view that make them restritive in some appliationssuh as robotis, videosurveillane and so on. A way to enhane the �eld of view is to plae a mirror with surfaeof revolution in front of the amera so that the sene re�ets on the mirror omnidiretionaly. Suh a system,omposed of both lenses (dioptri) and mirrors (atoptri) for image formation, is alled atadioptri. Severalon�gurations exist, and those statisfaying the Single View Point onstraint are desribed in.1Catadioptri vision systems available on the market have been deeply studied. Commerial devies are notadapted to our requirements as optial omponents need to be plaed between the amera and the mirror.Mirrors have therefore been produed in our own failities thanks to the Plateform3D department†. A highspeed mahinig entre has been used to produe very high quality surfae whih is then polished.We developed a new approah of alibrating atadioptri sensor by polarization imaging. This method enablesto alibrate all mirror shapes sine it is based on the measurement of the three-dimensional parameters suh as:height and normals orientations of the surfae. The only onstraint is that an orthographi amera has to beused. To alibrate the system we apply the generi alibration onept developed by Sturm and Ramalingam.2, 3The artile is strutured as follows. Next setion reminds previous work on paraatadioptri alibration sinethe measurement of the surfae normals by polarization imaging indues orthographi projetion. We show themisalignment sensitivity of these methods for the reonstrution of a syntheti sene. Then, after presenting somebasi knowledge about polarization imaging, we detail how to alibrate the sensor with the generi alibrationonept. In setion 4, simulations are presented to illustrate the in�uene of the parameters measurement on thequality of the reonstrution. Preliminary results on a alibrated spherial mirror are also desribed. Finally,the paper ends with a onlusion and a few words about future work to be undertaken.
∗This work was supported by the A.N.R. (�Agene Nationale de la Reherhe�), Ca.Vi.A.R. (Catadioptri Vision of Aerial Robots),projet n◦NT05-2_41786. Website: http://www.anr-aviar.org/.
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Figure 1. Simulation of the three-dimensional reonstrution: the theoretial sene, in blue, represents a room withelements suh as windows, door and table ; blak dots depit the three loations of the sensor. The reonstruted senewith the Vanderportaele alibration method (misalignment of 2◦) is drawn in red.
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Figure 2. Reonstrution error indued by the misalignment between the optial axis of the amera and the symmetryaxis of the paraboloid. Calibration method used are Geyer, Barreto and Vanderportaele. (room of size 500×500×250cm)2. CATADIOPTRIC CAMERAS CALIBRATION2.1. Previous workThe most obvious used alibration method is an approah based on the image of the mirror's bounding irle.4, 5It has the main advantage of being easily automated, but the drawbaks are that the mirror is onstrutedproperly and the mirror boundary aurately enodes the intrinsi parameters. In the �eld of paraatadioptriamera alibration, more robust methods are based on the �tting of lines projeted onto the mirror.6�8 Thisapproah has also some shortomings: lines have to be preisely deteted and the optial axis of the amerais assumed aligned with the symmetry axis of the paraboloid. To illustrate the misalignment e�et, the three-dimensional reonstrution of a syntheti sene based on the alibration of the three preeding methods issimulated (Figure 1).The sene represents a room of size 500 × 500 × 250cm with elements suh as windows, doors and table. 3images of the atadioptri sensor are used to triangulate the points of the sene. For the alibration proess, 20lines are omputed and perfetly deteted on the mirror. Then the alibration parameters are used to reonstrutthe sene (reonstrution made with the linear-eigen method). As we an see on Figure 2 the misalignment ofthe paraatadioptri system leads to introdue important error on the reonstrution even if the alibration ismade with perfet �tting of the lines.2.2. The generi alibration oneptThe previous alibration methods for omnidiretional atadioptri sensors assume that: (i) the mirror shape isperfetly known; (ii) the alignment of the sensor is perfet so that the single viewpoint onstraint is satis�ed;



(iii) the projetion model an be easily parametrized. Some methods relax the seond onstraint and a few relaxthe �rst, but before some reent works2, 9, 10 alibrating methods always underlie an expliit parametri model ofprojetion. This new model has the advantage of working for any type of amera (atadioptri systems, entralameras with or without distortion, axial ameras, et.) and to handle heterogeneous systems3 (for instane,a sensor omposed of an omnidiretional amera and a perspetive amera). However, developing an e�ientand easy-to-use alibration method based on this model is not trivial. In this paper, a proposed new methodenables atadioptri sensor alibration by polarization imaging. It relaxes the three onstraints listed above ((i),(ii), (iii)). Moreover, the alibration an even be performed by a non-speialist as it only requires an optialapparatus and no image proessing.3. POLARIZATION IMAGINGPolarization imaging enables to study the polarization state of a light wave. The most ommon appliations inarti�ial vision are the abilities to distinguish objets of dieletri and metalli nature11 and to detet transparentsurfaes. Polarization imaging enables likewise to give three-dimensional information of speular objets (�Shapefrom polarization� method12, 13). Physial priniple is the following: after being re�eted, an unpolarized lightwave beomes partially linearly polarized, depending on the surfae normal and on the refrative index of themedia it impinges on. A partially linearly polarized light has three parameters: the light magnitude I, the degreeof polarization ρ and the angle of polarization ϕ.To alibrate the mirror used in our atadioptri sensor, the polarization state of the re�eted light has to bemeasured. A rotating polarizer plaed between the amera and the mirror is used. The omplete sensor (mirrorand amera) and the polarizer are plaed into a ylinder made of paper sheet (Fig. 3). Eah light intensity ofpixels is linked to the angle of the polarizer and to the polarization parameters by the following equation:
Ip(α) =

I

2
(ρ cos (2α − 2ϕ) + 1) , (1)where α is the polarizer angle. The purpose of polarization imaging is to ompute the three parameters, I,

ϕ, and ρ, by interpolating this formula. Beause there are three parameters, at least three images, taken withdi�erent orientations of the polarizer, are required. To get an automati alibration of the atadioptri system,a liquid-rystal polarization rotator is used instead of the polarizer. It ats as a rotating polarizer, whih hasthe ability to be eletrially ontrolled. Fig 4 shows the image of the degree and the angle of polarization of aspherial mirror.3.1. Relationship between the polarization parameters and the normalsWol� and Boult have demonstrated how to determine onstraints on surfae normals by using the Fresnelre�etane model.14 The surfae of the mirror is assumed to be ontinuous and desribed by a Cartesianexpression: z = f(x, y). Therefore, eah surfae normal is given by the following non-normalized expression:
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q = tan θ sin φ
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 . (2)The aim of �Shape from polarization� is to ompute the normals from the angles θ and φ. By ombining Fresnelformulas and the Snell-Desartes law one an �nd a relationship between the degree of polarization ρ and thezenith angle θ.13 For speular metalli surfaes, the following formula an be applied:15
ρ(θ) =

2n tan θ sin θ

tan2 θ sin2 θ + |n̂|
2 , (3)where n̂ = n(1 + iκ) is the omplex refrative index of the mirror.The azimuth angle φ is linked to the angle of polarization ϕ sine the re�eted light beomes partially linearlypolarized aording to the normal of the plane of inidene. Beause our imaging system uses a teleentri lens,



Figure 3. Polarization imaging: after being re�eted by the mirror, the light beomes partially linearly polarized.

(a) (b)Figure 4. Images of the polarization parameters that are needed to reonstrut the mirror shape: (a) degree of polarization(ρ ∈ [0, 1]), (b) angle of polarization (ϕ ∈ [0, π]).



(a) (b)Figure 5. Disambiguation of the azimuth angle: (a) segmented image (Iquad ∈ {0, 1, 2, 3}), (b) image of the resultingazimuth angle φ (φ ∈ [−π/2, 3π/2]).orthographi projetion onto the sensor is assumed and the azimuth angle φ an be inferred from the angle ofpolarization ϕ:
φ = ϕ ±

π

2
. (4)3.2. Disambiguation of the normalsFrom the equations (3) and (4) the surfae normals are determined with an ambiguity. Sine mirrors used inatadioptri vision are of onvex and revolution shape, a segmented image Iquad an be diretly omputed fromthe near enter of the mirror (Fig. 5(a)). This segmented image is an image with four gray levels that representthe four quadrants oriented with an angle in ]0, π/2[. The algorithm of the disambiguation proess desribedin16 is applied with the segmented image Iquad and the angle of polarization image ϕ:1. φ = ϕ − π

2 ,2. φ = φ + π if [(Iquad = 0) ∧ (φ ≤ 0)] ∨ [Iquad = 1] ∨ [(Iquad = 3) ∧ (φ ≥ 0)] ,where ∧ and ∨ represent, respetively, the logial operators AND and OR. The result of the disambiguation ispresented Fig. 5(b).3.3. CalibrationTo alibrate our imaging system, we use the generi alibration onept introdued by Sturm and Ramalingam.17The onept onsiders an image as a olletion of pixels, and eah pixel measures the light along a partiular 3Dray. Thus, alibration is the determination of all projetion rays and their orrespondene with pixels. A 3d-rayis represented here by a ouple of points whih belongs to the ray:
A =
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 . (5)To get these points, the 3D surfae of the mirror has to be omputed. One the normals are given by polarizationimaging, the surfae shape of the mirror an be omputed thanks to the Frankot-Chellappa algorithm.18 Denotingby f̃ , p̃ and q̃ the Fourier transforms of, respetively, the surfae height and the x, y gradients, we have:
∀ (u, v) 6= (0, 0) , f̃(u, v) =

−jup̃ − jvq̃

u2 + v2
. (6)The three-dimensional surfae is obtained by taking the inverse Fourier transform of the former equation. Thisintegration proess gives us the surfae height of the mirror with a onstant of integration. Nevertheless, thisonstant is not required sine the orthographi projetion is assumed. To alibrate the sensor, let us take thepoint A = [x, y, z]T , that both belongs to the mirror surfae and the 3D-ray, be the �rst point of the ray (Fig. 3).The seond point B of the ray an be written as:



 0

 5

 10

 15

 20

 25

 30

 35

 0  0.2  0.4  0.6  0.8  1  1.2

A
ve

ra
ge

 r
ec

on
st

ru
ct

io
n 

er
ro

r 
(c

m
)

Noise standard deviation added on θ (°)

without mirror reconstruction
with mirror reconstruction

(a)  0

 5

 10

 15

 20

 25

 30

 35

 0  0.5  1  1.5  2  2.5

A
ve

ra
ge

 r
ec

on
st

ru
ct

io
n 

er
ro

r 
(c

m
)

Noise standard deviation added on φ (°)

without mirror reconstruction
with mirror reconstruction

(b)Figure 6. Reonstrution error indued by noisy measurement of the normals parameters: (a) θ angle, (b) φ angle.
B = A + k





tan 2θ cosφ
tan 2θ sin φ

1



 , (7)where k is a non-null onstant. 4. EXPERIMENTSIn the previous setion, we show that the three-dimensional parameters of the mirror (z, θ, φ) are required toalibrate the atadioptri system aording to the generi alibration onept introdued by Sturm. z representsthe mirror height, θ and φ represent respetively the azimuth and zenith angles of the normals. In this setion,simulations are �rstly presented to illustrate the in�uene of the parameters on the reonstrution quality. Then,preliminary results on a alibrated spherial mirror show a good auray of the three-dimensional parametersmeasurement by polarization imaging.4.1. SimulationsTo simulate the three-dimensional reonstrution error, the normals angles θ and φ were omputed from a perfetparaboli mirror with a 7◦ misalignment from the amera optial axis. The parameters are then disturbed bygaussian noise. The syntheti sene introdued in setion 2 is reonstruted thanks to the generi alibrationonept. Figure 6(a) and Figure 6(b) show respetively reonstrution error of the sene indued by noisymeasurement of θ and φ. The syntheti sene is reonstruted with or without the mirror reonstrution meaningthat the integration proess from equation (6) is arried out or not. Figure 6 shows, on the one hand, that thesene reonstrution is quite sensitive to the measurement of the parameters θ and φ. On the other hand, theintegration proess is not required, and we an assume that the z parameter is negligible.In addition, Figure 7 shows reonstrution error of the sene by only adding gaussian noise to the z mirrorheight. The reonstrution quality remains good even if the mirror height is very noisy (the mirror height is 1cmand the radius is 2cm).4.2. Preliminary resultsPreliminary results were arried out with a atadioptri sensor made of a amera with a teleentri lens and aalibrated spherial mirror (radius = 1cm). Let us notie that our system did not satisfy the single view pointonstraint. Nevertheless this property is not required here for the three-dimensional reonstrution of the sene.As desribed in setion 3, our atadioptri sensor is alibrated by measuring the three-dimensional parametersof the mirror with a liquid rystal polarization rotator plaed between the amera and the mirror. To evaluatethe auray of our system, we ompare the parameters (θ, φ and z) obtained with our system to the theoretialparameters of the mirror (Figure 8).
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0Figure 8. Measurement errors of the three-dimensional parameters: (a) angle θ, (b) angle φ and () deviation map ofthe mirror z.The mean quadrati errors of the angles θ and φ are respetively 0.49◦ and 1.02◦. Figure 9 shows thereonstrution of the syntheti sene by taking the alibration made by polarization imaging. Sine the mirroris spherial, three-dimensional reonstrution errors inrease highly. Nevertheless, the syntheti sene is wellreonstruted with an average error of 9.68cm.5. CONCLUSIONIn this paper, a new e�ient alibration method for atadioptri sensors has been presented. This method isbased on the three-dimensional parameters measurement of the mirror thanks to polarization imaging. Thealibration an be performed �in one lik� even by a non-speialist as it only requires an optial apparatus,no image proessing and no alibration pattern. Contrary to traditional methods, it deals with misalignment

Figure 9. Simulation of the three-dimensional reonstrution by using the alibration done from the polarization imaging.
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